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1. INTRODUCTION

Let @ = [0,2,,] ® [0,yn] be a rectangle. For 0 =z < 27 < -+ < T, and 0 = yp < y1 <
o+ < Yn, Q is divided into mn small rectangles Q,; = [z, 2+1] ® [Y5, ¥5+1], 1 = 0,1,..., m — 1,
7=0,1,...,n — 1, by mesh lines,

z=z, 1=1,...,m—1, and y=1v;, 1=1...,n—1L
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The triangulation generated by drawing all northeast diagonals in all small rectangles is called
a nonuniform type-1 triangulation and is denoted by AL The triangulation generated by
drawing all northeast and northwest diagonals in all small rectangles is called a nonuniform type-2
triangulation and is denoted by A%, (see Figure 1). Let h, = 2, — 2,1, t, = Yy, — y,—1 for
1=12,...omand j=1,2,...,0n Ifh, =h i=1,...,mandt, =t 3 =1,...,n, then
A, and A,@I are called (uniform) type-1 triangulation and (uniform) type-2 triangulation, and
denoted by A%L and AS,%L, respectively.

For 0 < r < k — 1, where r and k are integers, we define S};(A,(,?n) to be the vector space
consisting of all the functions s(z,y) satisfying the following conditions,

(i) se CT(Q),

(ii) the restriction of s(z,y) to each triangular element of ALY, belongs to x, where

T = E Ap'y’ Ay €R
0<e+y<k
is the linear space of polynomials with total degree at most k.

S,:(AS,?H) is called a bivariate spline space over A, with degree k and smoothness order .
Let d be an integer with 0 < d < 7. We define

(s) - esion) 2

EO,,u:O,...,d}, 1=1,2, (1)
a0

where 8Q is the boundary of Q and n is the outward normal unit vector along 8Q. Clearly,
S,:’d(ZX,(fl)n) is a subspace of S,:(A,E,',),L), and it is called a bivariate spline space with boundary

conditions.

Y

0 Xl X X )Z

2 m

Figure 1 The nonuniform type-2 triangulation Zsﬁ,%L
Spline spaces and their subspaces with boundary conditions have many applications in me-
chanical computation, surface fitting, computer aided geometric design (CAGD), finite-element
method, and numerical solution of boundary value problem of partial differential equations. In
the study of spline spaces, a basic but important problem is to determine the dimension and
construct a locally supported basis for the spaces. In this direction, Chui and Schumaker [1] first
studied the spline space over a rectangular partition in 1982. For uniform type-1 triangulation
A and type-2 triangulation A?@L, Chui, Schumaker, and Wang [2,3] in 1982 investigated the
space S;*d(AS,% of cubic splines and the space Sé’d(Agﬂb) of quadratic splines with boundary
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conditions d = 0 and d = 1, respectively. In 1985, Wang and He [4] studied the space S, 4AR)
over a nonuniform triangulation with d = 0,1. In a more general case, the dimensions and bases
of the spaces SLO(ASL) with k > 3, SPH(AGLL) with k > 4, and SPH(AR)) with k > 3 were
given by Le in [5,6]. Based on these theoretical results, the interpolation and approximation
by 521’1(55,32,) and Sé’l(As,%z,) were discussed in [7-9]. As applications, the quadratic piecewise
polynomials in S%’d(Ag%) (d =0,1) are used as spline finite elements to solve bending problem
of plates [10,11], recently. Also, over the uniform type-1 and type-2 triangulations, linear spline
prewavelets are constructed and studied intensively very recently (see [12,13], and the references
therein).

Similar to the univariate setting, bivariate cubic spline spaces are most useful to fit smooth
data and to be not too complicated in computing In this paper, we will first construct a
locally supported basis of the bivariate cubic spline space 531(5221) over a nonuniform type-2
triangulation, then determine the dimension and construct a local support basis of the subspace
531 ’d(A,(ﬁZI) for d = 0,1 of the spline spaces with boundary conditions.

2. BIVARIATE C' CUBIC SPLINE SPACE s} (&%)

Approximation properties of bivariate cubic spline spaces over a uniform type-2 triangulation
were studied by Lai in [14]. In this section, we construct a local basis of the space S%([}.g%),
which can be regarded as a generalization of the basis of S§(A$§L> given in [14].
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1/ 14
(-H,-H) (0,-H') (H,-H')

Figure 2 Nonzero B-net ordinates of 1s(%:9) (z,y, Hy, Ha, H{, Hj)
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Figure 3 Nonzero B-net ordmates of Is(*9(x,y, Hi, Ha, H}, H}).

Let T'={(0,0),(1,0),(0,1)} and Is®? (z,y, Hy, Hy, H}, H}), (2,7) €T, 1s02 (z,y, Hy, Hy, Hj),
and sV (z,y, Hy, H, H}) the five C' cubic splines with their B-net representation defined on
their local supports as shown in Figures 2-5, respectively, where all other B-net ordinates not
shown in the figures are vanished. Then, we have the following theorem.
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Figure 4. Nonzero B-net ordinates of [s(®1) (z,y, H1, Ha, H,, Hj).
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(b) Nonzero B-net ordinates of ls(*1(xz,y, Hy,
HY{, Hj) with b = —H} /6H}

(2) Nonzero B-net ordinates of Is(1:2)(x,y, Hi,
Hj, Hj) with a = —H3 /6 H;

Figure 5.

THEOREM 1. Given G = [0,m] x [0,n], G1 = [0,m] x [0,n — 1], G5 = [1,m] x [0,n], and
Z? = {(i,7) : v and ) are arbitrary integers}. Then, the set of locally supported functions,

{lsa (IE — Ty Y _yjahzvhz—i—lvtjatj-b-l) : (7’7.7) € GﬂZ2,O¢ € F}
{159 (2 = 20,y = gy, by s, tya) £ (i,2) € G N 22

U {15(2*1) (T — 20,y — Yy har by, ty41) 1 (4,5) € Ga N ZZ}

(2)

becomes a basis of the space S&(Aﬁl,), where, without loss of generality, we set hg = to = hmq41
= tn+1 =1.
ProoF. It is well known that

dimS. (A;,%;) = 5mn + 4m + 4n + 3. 3)

The total number of the spline functions listed in (2) is 5mn + 4m + 4n + 3. Therefore, it is
sufficient to verify that all of them are linearly independent over Q. For (z,y) € Q, let

m n

s(z,y) = Z ZAp,qls(O’O) (@ = Zp, ¥ — Yg hp, hpt1, tgs tar1)
=0 g=0 4
m n (4)

+ Z Z Bl’,qls(LO) (:1: — TpyY — Yg, hp-: hp+1a tqvtq+1)
p=0 gq=0
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m n

+ Z Z Cp’qls(o’l) (lE —Zpy Y — Ygy hp7 hp+17 tqv tq+l)
p=0 ¢g=0
m n-—1
+ Z Z Dp,qls(l’2) (T —Tp, Y =Yg, Bp, hpy1, g 41) (4)(cont.)
p=0 ¢=0
+ Z Z EP7‘113(2’1) (z - Tp,Y =Yg, h;mtqytq—}—l) =0.
p=1 q=0

Then, we have that A, , = 0 for all (p,q) € G NZ2 since 0 = s(z,,y,) = A, ,, Bpq = 0 for all
(p,q) € GNZ? since 0 = §2|(s,,4,) = B, Cp,g = 0for all (p,q) € GNZ? since 0 = 3|, o) = C.y,
Dy =0 for all (p,q) € G1NZ? since 0 = L, (5, 14,01/ = — (t241/2kit2) D,,, and B,y =0
for all (p,q) € Ga N Z? since 0 = %;ll((zz_lﬂz)/g,yj) = (1/2¢,41)E, ,. This completes the proof of

the theorem. 1
(—Hl 7H") (O’H")) (H'Z’Hyz)
p 2 p16
p9 p' i p| 3 P 15
p p
(-H,,0) 2 : (H,,0)
p4 pS
p| P; ps p‘/'
P, P,
(-H,-H') ©,-H) (H,,-H')

Figure 6 The support of ls*(x,y, Hy, Hy, H{, H), a €T

Next, for convenience in applications, we transfer the B-net representation of all the local
bases in terms of Cartesian coordinates. The piecewise representation of ls*(x,y, Hy, Ha, Hi, H}),
o €T, 1sA(x,y, Hy, Hy, H}), and 1s@Y(z,y, Hy, H;, H5) on their supports as shown in Fig-
ures 6 and 7 can be given expliatly as follows.

(a) 159 (x,y, Hy, Hy, H, Hj) :

P00 = (Hy +z)* (2H H] — H|z + 3H1y)
Y =

HiH] ’
©00) _ (Hi +y)’ (2H:H{ + 3H{z — Hiy)
P2 HHE ’
po0 _ HEHE - H'a® - 3H\Hi'a" — 3H, Hi's? — 2H}y’ — 3H}H{y?
i HIH? ,
(00 _ HIHE — Hiy® — 3H?H{zy? — 3H}H{y? — 2HP2® — 3H, H{a?
" JFEdeIC ,
PO — H3HP + HP2® — 3H, HP2?y — 3Ho Hi®z? — SHYH | y? — 2H3y?
i HIAP ,
00 _ (Hi+ y)? (2H, H} — Hoy — 3H}x)
Pe H2H{3 )
0,0) _ (Hy — z)? (2H, H} + Hjz + 3Hyy)
i HZH, ’

©0 HIHP —3H3H|y? - 3HH3z% — H3y® + 3HZH|zy? + 2H2®
Pg = H3HB ’
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P09 _ (Hy +z)® (2HH}, — H}z — 3H1y)

H3H}
(0,00 _ 2HPzY — H}HP + 3H3Hy? + 3H1HEzx? — Hiy® + 3H12H2xy
P - H3HP

P00 H3HPE — H3z® + 3H Hz%y + 2H3y® — 3H} H}y? — 3H HPx?

11 HIHR ,
p00 _ (Ha— v)? (2H, H} + Hyy + 3Hbz)

12 H,Hp ’

0oy _ H3HE + HEsS + 3H HPa>y + 2H3y® — 3H, HESw® — 3H3HYy?
P13 HIHP ;

©00) H3HP + H3y® + 3H3Hizy? + 2H 2® — 3HHPx? — 3H3Hy?
ISC HSH’3 )
p(o.o) _ (Hz — m) (2H,Hy + Hijx — 3H2y)

15 H3H2
p(o,o) _ (Hj -~ ) (2HoHY + Hoy — 3H2:c)

16 HQH’B

(b) 13(1'0)($7y7H17H25Hiné):
p(1,0) _ (H1+ m)2 (2H H| — H{z + 3Hy)
=

3H2H] ’
woy _ (Hi+y)* (@HH{ — Hiy + 3H{z)
Py = 3H/3 )
Loy _ 3HPH? +z (2H?z® + 6H  Hi*z + 3H  H{zy — 3HEy?)
P3 - H2HI2 s
(10) _ ~H}y® 4+ 3HEHPz + 6H H3z? + 3H{343
2 3H2Hl3 ’
oy _ = (B3H3HP + 2HPx” — 3HyHizy — 6Hy Hw — 3H3y®)
° 3HZH}? ’
oy (Hi+y)’ 2HyH} — Hyy — 3H|z)
Pg - H/3 ;
(1,0) — (H2 - .’L‘) (2H2H1 + Hl-T + 3H2y)
br SHZH]
o _ H3y® +3HZHPz — 6HoHPx? + 3HP2?
pg = 3HIHD )
(1,0) _ (Hi+ a:)2 (2H,H}, — Hyz — 3H1y)
Po 3SHIH,
a0 H3y® +3HIHPz + 6H  Hi2? 4 3HPa®
Pio = H2H/3 )
10 % (3H12Hé2 +2HPx? — 3H Hyzy + 6 H H?z — 3ny2)
= SHIHE :
oy (Hy—y)* (2H:\Hj + Hiy + 3Hjz) 3
Py " = HE
10 _ (——3H22H12 2Hl2 2 -+ 6H2H§2x — 3H2H§my -+ 3H§y2)
Pis SHIHZ ’

oy Hi — 3HRHPz + 6HyHES? — 3HP®
P = SHIHY :
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Figure 7

(-H,H) OH)
Py
p; p,
P
(-H,0) 0,0)
P,
P, P,
P,
(H,H) (0,H)

(—=H, + z)% (2H Hy + Hjz — 3Hay)

3HZH,

b

(Hy — y)? (=2H,H} — Hyy + 3H)z)

3HE

(Hy + z)® (—2H,H| + H|z — 3H,y)

3

?

(H{ +y)® (—2H:H} + Hiy — 3H}x)

3H H?

)

—HPEz® + 3H3H Py + 6H Hy? + 3H3y®

SHHP

¥

(b) The support of Is(2:1) (x,y, Hy, H}, H})

y (-3H2HP — 2H}y? - 3HyHjay — 6HIHiy + 3HP?)

3HIHP

HPz® + 3H3H?y + 6H3H{y? + 3H3y?

3HIH?

(H} +y)? (2H,H| — Hyy — 3H|x)

3H,HI?

¥

(H, — z)* (2H,H} + Hiz + 3Hay)

3H;

I

k)

y (3HZH? + 2H%y? + 6HZH|y — 3HH{zy — 3H{?z?)

SHZHP

(Hy + 2)* (2H,H}, — Hyz — 3Hyy)

3H?

¥

(o1 _ Y (QHIZy2 — 6H2Hby — 3H, Hjxy + 3H?HY — 3H£2m2)

SHZHY

_ HP2® + 3H}HPy — 6H}Hyy® + 3Hiy®

3HIHE

_ (—Hb+vy)’ @H Hy + Hiy + 3Hjz)

SH HP

1

)

Jon _ —HP + SHYHPy — 6H3Hyy® + 3H3Y®

SHIHP

)

ki

?

b

1859
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PO ¥ (3HZH + 2H3Zy® + 3Ho Hhay — 6H2 Hyy — 3HRx?)

e SHIHP :
oy _ (-Ha+ -’L') (2H.H} + Hjz — 3H2y)

s = 3H3
o) _ (Hp—y)® (2HyHj + Hyy — 3Hjz)

Pig = 3H2H’2

(d) 1s89 (2, y, Hy, Hy, Hb):
Hi+2z2)?

3H}
2 _ ¥ (=2H1y + 3H}H, + 3Hz)
P2 3SH.HJ )
o (H2? + 3HP Hiz + 6H2Hbyy — 6Hy?)
? BHIHP )
oo _ (Hs = )" (I + 2Hyy + SHjz)
‘ 3H,H ’
(2 _ @ (-Hfz? + 3HP Hyx — 6H3Hjy + 6H3y?)
Ps SH HZHp ’
12 _ _y*(=2H>y +3H,H} — 3H}x)
be = 3H,HZ ’
(112) —_— (HZ - m)s
br SHH?
P - (—Hj +y)* (HoH} + 2Hay — 3Hjr)
5 3H,HY

(e) ls(z’l)(:r,y,Hl,H{,Hé):
@1 _ _(H +z)* (H{H; - 2H1x+3H1y)
Pi SH3H]

P2 = _(Hi+y)

1 _ _=°(2H{z +3H|H, + 3H1y)
P3 =7 H3H/ )
@1 y(H¥? +3HIHy - 6H2Hx — 6Hx 2)
+ T SHZHPH]
@ _ (i +a)* (~H:H} + 2Hjz + 3H1y)
b= 3H3H’
jo _ (B - 3HPH3y — 6HEHyx — 6Ha?)
¢ SHIHY ;
PO = =% (2H)z + 3H H} — 3H1y)
! 3H3Hj :

@y _ (Hy—y)®
bg = _————-3Hé3 .

3. THE SPACE 53° (A{7))

It can be easily seen from (1) that

532 (852) = s (3) 1,20} g
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For any s(z,y) € .5’31’0(A(2) ) C SH(AR)), we have from Theorem 1 that

NgE
™=

s(z,y) = Ap,qls(o’o) (T = 2p, Y — Ygy Ppy hpt 1, Egr T 1)
p=0 ¢=0

m n

+ Y Bpgls™ (¢~ 25,y ~ yg, by, hpra, By, tg 1)
p=0 ¢=0
m "

+ Z Z Cp,qls(o’l) (T = Zp, Y — Ygs hps Rpt1, tgs Lgt1) (6)
p=0 ¢=0

m 1
+Z Dp,qls(l’z) (T~ Zp, ¥ — Yg» hpy Ppt1, Egt1)

n

e~
il
(=}

=y

+
s
M= &

Ep,ql"”@’l> (T = Tp, Y =Yg, hpy tg tg41) -
1

[}

"3
i
<

Note that, for ,—1 < x < z,, + = 1,...,m, y = 0, there only exist seven nonzero spline
functions among all 5mn + 4m + 4n + 3 basis functions in (6), we have

$(2,9) = Ar_1,005%" (@ — T_1,0,Bp_1, by to, 11) + Auopis” (2 — 2,0, by hut, to, 1)
+B,1,005” (& — €,-1,0, hesy, Bay to, t1) + B, op%o) (z = 2,,0,hyy hoy1,t0, 1)
+C-1 op§4 b (= 2-1,0, ha_1, By, 20, t1) + G, opm o.1) (z — 2,0, hyy But1,to, t1)
+ B, 0p&™ (2 — 24,0, by, to, 1)

=A, 1 opgi )($ = 2,-1,0,he1, oy to, 1) + A, opm (a: — 2,0, hyy hoy 1, to, t1)

+B,_ 10p(1310) (-73“-751——1a07h1——17hut0,t1)+Bzop§0, >( —x1a07h17h1+1»t0at1)-

It yields from (5) that

s(z,y) £._1<2<z,, y=050, 1=1,. .,m,

that is, fori =1,...,m

?

A0z - z‘z)z (z, — 3zy1 +22) — Ao (z — 331—1)2 (22 — 3z, +z,—1)

2 2 (7
+B,_10{z—zim1) (=) hy+ Bio(z —2,) (x — 1) h, = 0.

By substituting z = 2,1, 2 = 2,, £ = 2,1 + (1/3)(z, — z,—1), and z = z,—1 + (2/3)(z, — 2,—1)
into (7), respectively, we can obtain for : =1,...,m

Az——l,O = Az,O = 0»
4h1B1-—l,0 - 2thz,0 + 7Az,0 + 2OAz—].,O =0, (8)
2thz_1,0 - 4h1Bz,0 -+ QOAZ,Q + 7A,_1,0 =0.
Therefore,
A'L,O'_—B1,O:0, 1=0,1,...,m. (9)

Similarly, we have

3 (.'E,y) T - 15287, Yy=yn = 07 v= 17 - ,m,
and thus,

An=0, B,,=0 1=01,...,m. (10)
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We also obtain

$(2,) le=0, y,_,<y<y, =0, i=1,...,n,
hence,
A, =0, Co,=0, 7=0,1,...,n
And
$(2,Y) lz=zmm, y-1<y<y, = 0, 7=1...n,
thus,

Amy =0,  Cry=0, j=0,1,...,n

Finally, we obtain
Apo=4,,=0, 1=0,1,...,m
Aoy =Am,; =0, j=1,...,n-1,
B,o=B,»=0, 1=0,1,...,m,
Coy=Cm,; =0, j7=0,1,...,n

Therefore, there are 4m + 4n +4 parameters determined by the boundary conditions. This means

that
dim 83° (Z_\. ) < dim S} (A ) —(dm+4n+4) =5mn — 1.

(14)

Noticing the linear independence of 5mn — 1 basis functions given below, we get the following

result.
THEOREM 2.
dim S3°° (./_—X,(,EZL) = 5mn — 1,
and the set
{ls(o'o) (@ =20,y — Yy, By husr by fygr) : i= 1, m—1, 5 =1,. 1}
U {ls(l’o) (@—zhy =Yyl b1, ty,t41) 1 1=0,1,...,m, j= 1}
U{ls(g’l) (= T,y — Ypy Py Bugr, By, tyg1) s 2 =1,...,m—1, 7=0,1,.. ,n}

U{ls(l’Z)(x—m,,y——yj,hl,hzﬂ,tﬂl): 1=0,1...,m, 1=0,1,. n—-l}

U{ls(z*l) (=2 y— Yy, bty tyrr) 0=1,...,m, 3 =O,1,...,n},

forms a local basis of S3°° (A&EL)

4. THE SPACE 53" (AR))

From the definition given in (1), we have

o)

S5 (Aﬁﬁl) = {seS§'° (Ag%) 98

= {36531’0 (Z&g%) 182 (0,y) =55 (Tm, ¥) =0, sy (z,0)=s, (x,yn)EO} .

(17)
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From Theorem 2 in Section 3, we have that s(z,y) € Sg’O(A,(,%L) if and only if s(z,y) can be
expressed as the following,

m—1 n-1

’y) Z ZA ls(o 0 (.’1: —Zp,Y — Yg» th hP+1?tqatq+1)
p=1 g=1
m n-—1
+ z Z Bp,qls(lio) (T~ 2p,Y = Y, hp, B, Bgs tg1)
p=0 ¢=1
m—1 n
+ Z Z Cp,qls(o’l) (T~ Tp, Y — Yq, hp, hps 1, bgrtqs1) (18)
p=1 ¢=0
m n—1
* Z Z DP,qls(m) (= 2p, Y — Ygr hp, Pp+1,g+1)
p=0 ¢g=0
m n
+Z ZE 21) x~zpay_yq)hp1tqatq+l>-
p=1 g=0

When s(z,y) is restricted on the triangular element T: z,-; < z < x,, t12 + h.y < tiz,, and
t12 — h,y > t17,—1, we further have

S ('Ta y)lT - Cl—l Opg?i - (1‘ —Z-1,Y, hi—ly hzat():tl) + Cz,Opg,%’l) ((L‘ — T, Y, hh h'b-l-l,t()atl)

+ A1188 (@ = Zim 1,y — Y1, B, s, 2)
+ A 198? (2 = 20,y = Y1, By hug, B, 1)
+ B, 1p¢(31 V(@ = 2pe1, ¥~ Y1, hum1, o B, B2)
+ B,1p? (2 = 24,y — Y1, hay Bag, 11, E2)
+ Co1180Y (= s,y — Y1, humt, Bas 1, B2)
+ CoapD (2 — 20,y = Y1, by P, B, o)
+D,, opé1 2) (= Z4m1, Y, haz1, s t1) + D, gpg 2) (z — 0, ¥, hyy Boy1, t1)
+ E. o _;z)(2 b (z — Z0, Yy Py to, 1) + B ﬂog2 D (T — 20,y — Y1, My t1, t2)
y [3h2t3 + 2h2y2 + Bhty (x —z,—1) Y — 6h2t1y — 3t (x — 24-1)?]

1-1,0 3h$t%
o y [th 2 _ 6h2t1y — 3h,ty (z — z,) y + 3h2t — 313 (z — zz)2]
+Cuo 32t
2
Y2 (2hoty — h, (y —y1) — 3t1 (2 — 2,1))]
+ Az—l,l hzt?
2
Yy [2h1t1 + 3t; (:L' - xz) - h, (y - yl)]
A,
+ A ht3
2
y2 [2h,ty — hy (y — 1) — 3t1 (T — 2o—1))]
B,_
+5—11 3tf
_B yz [2hzt1 - hz (y - yl) + 3t1 (I — :L';)]
! 33
Y2 [2hoty — hy (Y — 1) — 3t1 (2 — T1)]
Ll 3h,t2

y2 [-thtl + hz (y - yl) - 3t1 (.’13 - 1‘1,)]

+C
w1 3h,t2
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y? [=2h.y + 3,21 — 3t1 (z — x,_)]

~D,_
he 3h,_1t3
2
¥ [—2hy + 3t1h, + 3t (z — )]
D,
e 3h,t3
 [k24? — b3ty — 683h, (o — 2) — 682 (¢ — 2.)"] e
E, —E, .
+E.p 3h2t3 B 132,
Hence, for 2 = 1,...,m, we have
1
sy (%, 9) |o,_1 <2<z, y=0 = ~72C1-1,0 [hf —(z— $z_1)2]
1
+ h—_?Cz,o [hf ~(z — m1)2]
2 2
_ %E‘z,o [h1 (z—z)+ (. ~z,) ] (20)
1
=7z Cz10(z—2z) (z — 21 + h,)
+Co(z —z,1) (z — 2, — h,)]
1
+@;P39@-%Mx—%qﬂ

Combining with (17), it follows that
Coo10 (@—x,) (T—Ti1+h) 81 +Cro (B—To1) (T—20—hy) t14+2E, o (z—2,) (T—74_1) = 0. (21)
By substituting z = ,_; and ¢ = z,_; + h,/2 into (21), respectively, we obtain forz =1,...,m,
Ci10=0,  3t;C,_10+36,Coo+2E, ¢ =0. (22)
It should be noted that Cp ¢ = Cp, 0 = 0 in (13). Thus, (22) is equivalent to

Cio=0, v=1,...,m-1,

23
Eo=0, 1=1,...,m (23)
Similarly, we have
Sy (x’y)i¢1—1§szt, y=yn =0, 1=1,...,m,
and thus,
C1,n:0, 1=1,...,m-—1, 04
E%n:Oa Z=1,,m ( )
We obtain
Sz (.’E, y)lz‘=0, Y;-15y8y; = Oa _7 = 1, S N
hence,
BO:JZO’ _7:1,..."",——1, 25
Do,; =0, 7=0,1,...,n—1. (25)
Also,
Sy (1:7y)l‘7;=zm, Yy 1<y<y, EO, ] = 1,-'.,’”,
and thus,
B, =0, J=1...,n—-1,
(26)

Dm,]:O, ]=0,1,...,n—1.
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Finally, we obtain

By,; =0, Bn,=0, j=1,...,n-1,
C”',O:O’ C?:y’l‘l«:O! i=1,...,m_1’

Do,=0, Dp,=0, j=0,1,...,n—1,
E’L,0=07 Ez,'n,=0, Z=1,...,m.

(27)

Therefore, there are 4m+4n — 4 coefficients determined by the boundary conditions. This means
that, for any s(z,y) € S; J(Aﬁﬁ% , s(z,y) can be expressed as a linear combination of the following
5mn — 4m — 4n + 3 functions,

1509 (2~ 2, — 4y, hus )

15(10) (x — 2,y - Yjs h., hz+1at_77t.7+1)’
1O (2 = 20,y — 4y, by B, By, by 41, i=beam=olog=Loon-l (29)
1502 (2 — 24,y — Yy, b hagr, ty41) v=beom=1 j=01..,n-1,

ls(zyl)(x_xhy_ywhht.’htj'i-l)v z’:l,...,m, j::l,...,n—-l.

In other words,

dim 831 (A2} < dim $3° (AR)) ~ (4m + 4n — 4) = 5mn — dm — 4n + 3. 29
3 3

It is clear that all of the functions listed in (28) are linearly independent, thus, we have obtained
the following theorem.

THEOREM 3.

dim Sé’l (Aﬁ%) = 5mn — 4m — 4n + 3,

and the set of functions listed in (28) forms a basis of .5’31,’1([35321).
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11
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14

REFERENCES

L.L. Schumaker, On spaces of piecewise polynomials with boundary conditions I Rectangles, In Multwariate
Approzvmation Theory II, (Edited by W Schempp and K. Zeller), pp. 69-80, Birkhauser, Basel, (1982)

. C.K. Chui, L.L. Schumaker and R H. Wang, On spaces of piecewise polynomials with boundary conditions

I1. Type-1 triangulations, In Second Edmonton Conference on Approzimation Theory, CMS Conference
Proceedings, Volume 3, pp. 51-66, (1982)

. C.K. Chui, L.L. Schumaker and R.H. Wang, On spaces of piecewise polynomials with boundary condition

II1. Type-2 triangulations, In Second Edmonton Conference on Approzimation Theory, CMS Conference
Proceedings, Volumme 3, pp. 67-80, (1982)

. R.H. Wang and T.X. He, On spline spaces with boundary conditions over nonuniform Type-2 triangulations

(in Chinese), Kezue Tongbao 9, 249-251, (1985).

. A.B. Le, The dimenston of piecewise polynomial spaces with boundary conditions (in Chinese), manuscript

A B Le, On spaces of bivariate splines with boundary conditions (in Chinese), Math. Numer Swn 12, 42-46,
(1990).

. G.Q. Zhu, XY. Liu and S.C. Wang, B-spline basis and interpolation of S’%’I(Az*, R) (in Chinese), J Hefer

Polytech Unw. 9, 30-35, (1987).

. Z Sha and P.C. Xuan, On a class of interpolation and approximation by .S’é’l(As,%L), J Math. Res Ezposition

14, 379-389, (1994).

. P C Xuan, On the transfinite interpolation and approximation by bivariate cubic splines on type-II triangu-

lation (an Chinese), Math. Numer Swn 18, 387-396, (1996)

H -W Liu, Bivariate quadratic B-spline Finite elements in solving a bending problem of parallelogram boards
(in Chinese), Guangz: Sciences 5, 15-19, (1998)

H.-W. Liu and D-X He, A bivariate C! B-spline finite element for rectangular plate bending problems (in
Chinese), J Guangz: Unw. Nationalities 4, 4-8, (1998).

D. Hardin and D. Hong, Construction of wavelets and prewavelets on triangulations, J. Comput Appl. Math.
155, 91-109, (2003)

D. Hong and Y. Mu, On construction of minimum supported piecewise linear prewavelets over triangulations,
In Wavelet Analysis and Multiresolution Methods, Lecture Notes for Pure and Applied Mathematics, pp
181-201, Marcel Dekker, Inc., New York, (2000)

M.J Lai, Approximation order from bivariate C'l-cubics on a four-directional mesh 1s full, Comput. Awded
Geom. Design 11, 215-223, (1994).



