




'RQ +RQJ
' H SD UWPH QW R I 0 D WKH PD WLF V
(D VW 7 H QQH VVH H 6WD WH 8 QLY H UVLW\
-R KQVR Q & LW\ � 7 1 � � � � � �� � � � � 8 6$
KR QJ #H WVX�H GX� Z Z Z �H WVX�H GX� PD WK� KR QJ

2Q 6FD W W HU HG 'D W D
5 HSU HV HQW D W LRQV 8 V LQJ
% LY D U LD W H 6SOLQHV
$EVWUDFW

7KH REMHFWLYH RI WKLV SDSHU LV WR SUHVHQW D VWXG\ RI VFDWWHUHG GDWD UHSUH�
VHQWDWLRQ XVLQJ ELYDULDWH VSOLQHV� )LUVW� ZH RSHQ D GLVFXVVLRQ ZLWK HPSKDVLV
RQ WKH RSWLPDO RUGHU RI DSSUR[LPDWLRQ� :KHQ WKH SRO\QRPLDO GHJUHH LV DO�
ORZHG WR EH VXrFLHQWO\ ODUJH DV FRPSDUHG WR WKH RUGHU RI VPRRWKQHVV� LW LV
VKRZQ WKDW WKH VSOLQH HOHPHQWV FDQ EH XVHG WR UHSUHVHQW VFDWWHUHG GDWD ZLWK
WKH RSWLPDO RUGHU RI DSSUR[LPDWLRQ RYHU DUELWUDU\ WULDQJXODWLRQV� ,Q UHDO
DSSOLFDWLRQV� WKH SRO\QRPLDO GHJUHH LV UHTXLUHG WR EH ORZHU� LW LV QHFHVVDU\
WR pQG D VR�FDOOHG RSWLPDO WULDQJXODWLRQ VR WKDW WKH VSOLQH VSDFH FDQ DFKLHYH
WKH RSWLPDO DSSUR[LPDWLRQ RUGHU� :H SUHVHQW DQ DOJRULWKP WR WUDQVIRUP DQ
DUELWUDU\ WULDQJXODWLRQ RI WKH VDPSOH SRLQWV LQWR DQ RSWLPDO WULDQJXODWLRQ
IRU UHSUHVHQWDWLRQ RI WKH VFDWWHUHG GDWD XVLQJ &

�

TXDUWLF VSOLQHV� 7KHQ� ZH
FRQVLGHU WKH SRVVLELOLWLHV WR pQG RSWLPDO WULDQJXODWLRQV IRU HYHQ ORZHU GHJUHH
VSOLQH VSDFHV VXFK DV &

�

FXELF DQG &
�

TXDGUDWLF VSDFHV� 6RPH LQWHUSROD�
WLRQ VFKHPHV DQG VWDEOH ORFDO EDVLV FRQVWUXFWLRQ DUH DOVR SUHVHQWHG� )LQDOO\�
ZH PHQWLRQ VRPH UHFHQW UHVXOWV RQ UHSUHVHQWLQJ VFDWWHUHG GDWD XVLQJ RWKHU
VSOLQH HOHPHQWV� VXFK DV VSOLQHV RQ VSKHUHV DQG QDWXUDO VSOLQHV�

$06�026� ���� VXEMHFW FODVVLpFDWLRQ� ��$��� ��$��� ��$��� ��'���
.H\ZRUGV DQG 3KUDVHV� 6SOLQHV� VFDWWHUHG GDWD� DSSUR[LPDWLRQ RUGHU�

ELYDULDWH LQWHUSRODWLRQ� QDWXUDO VSOLQHV� ORFDO EDVLV� RSWLPDO WULDQJXODWLRQV�
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&RQWHQWV

�� ,QWURGXFWLRQ

�� $SSUR[LPDWLRQ RUGHU RI VSOLQH VSDFHV RYHU WULDQJXODWLRQV

�� 2SWLPDO WULDQJXODWLRQV IRU ORZHU�GHJUHH ELYDULDWH VSOLQH VSDFHV

�� ,QWHUSRODWLRQ DQG DSSUR[LPDWLRQ XVLQJ &
�

FXELF DQG &
�

TXDGUDWLF
VSOLQHV

�� 6WDEOH ORFDO EDVLV DQG ORFDO OLQHDU LQGHSHQGHQW EDVLV

�� 6SOLQHV RQ VSKHUH DQG QDWXUDO VSOLQHV

��� , QWU RGXFWLRQ

,Q PDQ\ DSSOLFDWLRQV� LW LV GHVLUDEOH WR DSSUR[LPDWH D JLYHQ VXUIDFH ZLWK
D KLJK GHJUHH RI DFFXUDF\� 6FDWWHUHG GDWD RQ WKH VXUIDFH PD\ EH FROOHFWHG
E\ UHFRUGLQJ WKH GLVWDQFH IURP VDPSOH SRLQWV LQ D p[HG SODQH WR WKH VXUIDFH�
2QFH WKH VFDWWHUHG GDWD KDV EHHQ FROOHFWHG� LW LV QHFHVVDU\ WR GHWHUPLQH VLP�
SOH IXQFWLRQV WR LQWHUSRODWH� RU EHVW pW� WKH GDWD� $Q LGHDO FKRLFH IRU WKHVH
VLPSOH IXQFWLRQV LV VSOLQHV� DOVR FDOOHG SLHFHZLVH SRO\QRPLDO �SS� IXQFWLRQV�
6LQFH D ELYDULDWH VSOLQH LV SLHFHZLVH�GHpQHG RYHU LWV SODQDU GRPDLQ� LW LV

QHFHVVDU\ WR FUHDWH D SDUWLWLRQ RI WKH VDPSOH SRLQWV LQ WKH SODQH� 2QH RI
WKH PRVW DSSOLFDEOH SDUWLWLRQV LQ WKLV FDVH LV WULDQJXODWLRQ�

'() ,1,7,21 ���

$ WULDQJXODWLRQ RI D pQLWH VHW 9 RI Q VDPSOH SRLQWV Y�  �[�� \��� L  
�� c c c � Q LQ D SODQH ,5

�
LV GHpQHG DV D FROOHFWLRQ c RI WULDQJOHV � VDWLVI\LQJ

�L� WKH YHUWLFHV RI WKH WULDQJOHV DUH SUHFLVHO\ WKH VDPSOH SRLQWV Y�� �LL� WKH
XQLRQ RI WKH WULDQJOHV LQ c LV D FRQQHFWHG VHW� DQG �LLL� WKH LQWHUVHFWLRQ RI
DQ\ WZR DGMDFHQW WULDQJOHV LQ c LV HLWKHU D FRPPRQ YHUWH[ RU D FRPPRQ
HGJH� 7KH YHUWH[ VHW RI WKH WULDQJXODWLRQ c ZLOO EH GHQRWHG DV 9 �

,Q JHQHUDO� IRU D JLYHQ VHW 9 RI GDWD VLWHV� WKHUH DUH PDQ\ GLoHUHQW WULDQ�
JXODWLRQV ZLWK YHUWH[ VHW 9 � 2Q D WULDQJXODWLRQ c RI D SRO\JRQDO GRPDLQ
n ~ ,5

�
ZLWK YHUWH[ VHW 9 � RQH RI PRVW LPSRUWDQW SUREOHPV LQ DSSOLFDWLRQ

LV WR UHSUHVHQW VFDWWHUHG GDWD GHpQHG RQ 9 E\ &
�
VPRRWK VSOLQH IXQFWLRQV�

2I FRXUVH� RQH XVXDOO\ ZDQWV WR pQG DQ RSWLPDO WULDQJXODWLRQ RI WKH JLYHQ
VDPSOH VLWHV� 7KRXJK WKH QRWLRQ RI RSWLPDOLW\ GHSHQGV RQ WKH GHVLUDEOH



6FDWWHUHG GDWD UHSUHVHQWDWLRQV �

SURSHUWLHV LQ WKH DSSUR[LPDWLRQ RU PRGHOLQJ SUREOHPV� +HUH� ZH DUH FRQ�
FHUQHG ZLWK RSWLPDO RUGHU RI DSSUR[LPDWLRQ ZLWK UHVSHFW WR WKH JLYHQ RUGHU
U RI VPRRWKQHVV DQG GHJUHH N RI WKH SRO\QRPLDO SLHFHV RI WKH VPRRWK VSOLQH
IXQFWLRQV� ,Q WKH VWXG\ RI VSOLQH IXQFWLRQV RQ D WULDQJXODWLRQ c� WKH QRWD�
WLRQ 6

�
��c� LV XVHG WR GHQRWH WKH VXEVSDFH RI &

�
�n� RI DOO SS IXQFWLRQV ZLWK

WRWDO GHJUHH x N DQG ZLWK JULG OLQHV JLYHQ E\ WKH HGJHV RI c�
,Q VFDWWHUHG GDWD UHSUHVHQWDWLRQ XVLQJ VSOLQHV LQ WKH VSDFH 6

�
��c�� LW LV

FULWLFDO WR DQVZHU WKH TXHVWLRQ RI KRZ ZHOO WKH VSOLQHV FDQ DSSUR[LPDWH
FODVVHV RI VPRRWK GDWD� :H JLYH WKH GHpQLWLRQ RI WKH DSSUR[LPDWLRQ RUGHU
RI D IXQFWLRQ VSDFH 6 DV IROORZV�

'() ,1,7,21 ��� 7KH DSSUR[LPDWLRQ RUGHU RI D VSDFH 6 RI IXQFWLRQV
RQ ,5

�
LV GHpQHG WR EH WKH ODUJHVW UHDO QXPEHU ~ IRU ZKLFK

GLVW�I� 6� x &RQVWN'
�� �

IN McM
�

���

IRU DQ\ VXrFLHQWO\ VPRRWK IXQFWLRQ I � ZLWK WKH GLVWDQFH PHDVXUHG LQ WKH
PD[LPXP QRUP N N� DQG ZLWK WKH PHVK VL]H McM � VXS

� � �
GLDP � �

,W LV FOHDU WKDW WKH IXOO RUGHU RI DSSUR[LPDWLRQ IURP WKH VSOLQH VSDFH
6

�
��c� FDQQRW EH EHWWHU WKDQ N � � UHJDUGOHVV RI U DQG LV WULYLDOO\ N � � LQ
WKH FDVH U  ��
:H XVH WKH WHUP RSWLPDO WULDQJXODWLRQ RI D JLYHQ VHW 9 RI GDWD VLWHV WR

PHDQ WKDW �L� WKH VHW 9 RI VDPSOH VLWHV LV WKH VDPH DV WKH VHW RI YHUWLFHV
RI WKH WULDQJXODWLRQ� DQG �LL� WKH VSDFH RI SS IXQFWLRQV ZLWK GHJUHH N DQG
VPRRWKQHVV RUGHU U RQ WKLV WULDQJXODWLRQ DFKLHYHV WKH IXOO RUGHU RI DSSUR[�
LPDWLRQ� 0RUH SUHFLVHO\� ZH PDNH WKH IROORZLQJ�

'() ,1,7,21 ��� )RU D JLYHQ VHW 9 RI GDWD VLWHV� WKH GHJUHH N DQG WKH
VPRRWKQHVV RUGHU U� DQ\ WULDQJXODWLRQ c ZLWK YHUWH[ VHW 9 LV FDOOHG RSWLPDO
�RI W\SH �N� U�� LI WKH VSOLQH VSDFH 6

�
��c� DGPLWV IXOO DSSUR[LPDWLRQ RUGHU

N � ��

,Q DGGLWLRQ WR WKH KXJH YROXPH RI UHVHDUFK SXEOLVKHG RQ UHSUHVHQWLQJ
VFDWWHUHG GDWD XVLQJ PXOWLYDULDWH VSOLQHV� WKHUH DUH VHYHUDO VXUYH\ DUWLFOHV
WKDW DUH UHODWHG WR WKLV DUHD �FI� 6FKXPDNHU >��@ DQG >��@� %DUQKLOO >�@�
)UDQNH >��@� $OIHOG >�@� 'DKPHQ DQG 0LFFKHOOL >��@� %�RKP >�@� DQG +RQJ
>"@�� &XUUHQWO\� ER[ VSOLQHV� WKLQ�SODWH VSOLQHV� DQG UDGLDO�EDVLV IXQFWLRQV
DUH DPRQJ WKH PRVW FRPPRQO\ XVHG WRROV IRU VFDWWHUHG GDWD LQWHUSRODWLRQ�
+RZHYHU� IURP WKH FRPSXWDWLRQDO SRLQW RI YLHZ� D VLPSOH DQG HrFLHQW PXO�
WLYDULDWH VSOLQH LQWHUSRODWLRQ VFKHPH IRU VFDWWHUHG GDWD LV VWLOO QRW DYDLODEOH�
7KLV JLYH ULVH WKH SUREOHP WR VWXG\ ORZHU GHJUHH VSOLQH VSDFHV DQG WR pQG
ORFDOO\ VXSSRUWHG EDVLV HOHPHQWV IRU WKH RSWLPDO RUGHU RI DSSUR[LPDWLRQ�
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7KLV SUREOHP� KRZHYHU� LV H[WUHPHO\ FRPSOLFDWHG� DQG D JHQHUDO DSSURDFK
GRHV QRW VHHP WR EH IHDVLEOH� +HUH� LQ WKLV SDSHU� ZH pUVW FRQVLGHU WR pQG
RSWLPDO WULDQJXODWLRQV IRU &

�

TXDUWLF VSOLQH VSDFHV� :H SUHVHQW DQ DOJR�
ULWKP WR WUDQVIRUP DQ DUELWUDU\ WULDQJXODWLRQ RI WKH VDPSOH SRLQWV LQWR
DQ RSWLPDO WULDQJXODWLRQ IRU UHSUHVHQWDWLRQ RI WKH VFDWWHUHG GDWD XVLQJ &

�

TXDUWLF VSOLQHV� 7KHQ� ZH DOVR RSHQ WKH GLVFXVVLRQV WR HYHQ ORZHU GHJUHH
VSOLQH VSDFHV VXFK DV &

�

FXELF DQG &
�

TXDGUDWLF VSDFHV� 6RPH LQWHUSROD�
WLRQ VFKHPHV DQG VWDEOH ORFDO EDVLV FRQVWUXFWLRQ DUH DOVR SUHVHQWHG� )LQDOO\�
ZH SUHVHQW VRPH UHFHQW UHVXOWV RQ UHSUHVHQWLQJ VFDWWHUHG GDWD XVLQJ RWKHU
VSOLQH HOHPHQWV VXFK DV VSOLQHV RQ VSKHUH DQG QDWXUDO VSOLQHV�
7KH RXWOLQH RI WKLV SDSHU LV DV IROORZV� 5HVXOWV RQ DSSUR[LPDWLRQ RUGHU RI

VSOLQH VSDFHV RYHU DUELWUDU\ WULDQJXODWLRQV ZLOO EH pUVW GLVFXVVHG� 2SWLPDO
WULDQJXODWLRQV DQG WKH DOJRULWKP WR FUHDWH RSWLPDO WULDQJXODWLRQV EDVHG RQ
DUELWUDULO\ JLYHQ GDWD VLWHV IRU &

�

TXDUWLF VSOLQH VSDFHV ZLOO EH LQWURGXFHG
LQ 6HFWLRQ �� 7KH GLVFXVVLRQ RI RSWLPDO WULDQJXODWLRQV IRU &

�

FXELF DQG
TXDGUDWLF VSOLQH VSDFHV DQG VRPH RWKHU VSOLQH VSDFHV ZLOO EH LQ 6HFWLRQ ��
6HFWLRQ � ZLOO EH GHYRWHG WR WKH VWXG\ RI H[LVWHQFH RI ORFDO EDVLV DQG WKH ORFDO
OLQHDU LQGHSHQGHQFH RI EDVLV IXQFWLRQV� 7KH DSSURDFKHV RI VFDWWHUHG GDWD
UHSUHVHQWDWLRQ XVLQJ VSOLQHV RQ VSKHUH DQG QDWXUDO VSOLQHV DUH PHQWLRQHG LQ
WKH ODVW VHFWLRQ�



6FDWWHUHG GDWD UHSUHVHQWDWLRQV �

��� $SSU R[LPDWLRQ RU GHU RI VSOLQH VSDFHV RYHU WU LDQ�
JXODWLRQV

$V XVXDO� OHW ,5 EH WKH VHW RI DOO UHDO QXPEHUV DQG == � WKH VHW RI QRQQHJD�
WLYH LQWHJHUV� 7KXV ,5

�
GHQRWHV WKH ��GLPHQVLRQDO (XFOLGHDQ VSDFH DQG ==

�
�

FDQ EH XVHG DV D PXOWL�LQGH[ VHW� ZKLOH }��,5
�
� LV WKH VSDFH RI DOO SRO\QRPL�

DOV RI �WRWDO� GHJUHH x N LQ WZR YDULDEOHV� /HW �  >Y��Y��Y�@ EH D SURSHU
WULDQJOH ZLWK YHUWLFHV Y�� Y�� Y� � ,5

�
� 7KHQ IRU DQ\ [ � ,5

�
� ZH KDYH

[  |�Y� � |�Y�� |�Y� ZLWK |� � |�� |�  ��

7KH ��WXSOH |  �|�� |�� |�� LV FDOOHG WKH EDU\FHQWULF FRRUGLQDWH RI [ ZLWK
UHVSHFW WR WKH WULDQJOH � � )RU o  �o�� o�� o�� � ==

�
� � WKH OHQJWK RI o LV

GHpQHG E\ MoM  o�� o�� o�� DQG WKH IDFWRULDO o� LV GHpQHG DV o��o��o���
:H GHpQH WKH %HUQVWHLQ 3RO\QRPLDO %��� DV

%����[�  

v
MoM

o

w
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�
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ZKHUH |
�
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� |

��� DQG

v
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MoM�
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0RUHRYHU� ZH GHpQH WKH �GRPDLQ� SRLQWV

[��� � 
o�Y� � o�Y�� o�Y�

MoM
� MoM  N� ���

,W LV ZHOO NQRZQ WKDW DQ\ SRO\QRPLDO S � }� FDQ EH ZULWWHQ LQ D XQLTXH
ZD\ DV

S  
;
	�	
 �

E���%��� �

ZKHUH E��� LV FDOOHG WKH %�QHW RUGLQDWH RI S ZLWK UHVSHFW WR WULDQJOH � � 7KLV
JLYHV ULVH WR D PDSSLQJ E � [��� � E��� � MoM  N� 6XFK D PDSSLQJ E LV FDOOHG
WKH %�QHW UHSUHVHQWDWLRQ RI S ZLWK UHVSHFW WR WULDQJOH � �
1RZ� OHW XV GLVFXVV WKH %�QHW UHSUHVHQWDWLRQ RI ELYDULDWH VSOLQHV� /HW c

EH D WULDQJXODWLRQ RI D SRO\JRQDO GRPDLQ LQ ,5
�
DQG 6

���c� WKH VSDFH RI DOO
FRQWLQXRXV VSOLQHV RI GHJUHH N RQ c� $VVXPH V � 6

���c�� 2Q HDFK WULDQJOH
� � c� V DJUHHV ZLWK VRPH SRO\QRPLDO S � }�� 7KXV� ZH KDYH

VM�  
;
	�	
 �

E���%��� �
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/HW ; GHQRWH WKH VHW RI DOO �GRPDLQ� SRLQWV [��� DV GHpQHG LQ ���� 7KHQ D
PDSSLQJ FDQ EH GHpQHG DV IROORZV�

E� � [��� �� E��� � MoM  N� � � c� ���

6XFK D PDSSLQJ E� LV FDOOHG WKH %�QHW UHSUHVHQWDWLRQ RI WKH VSOLQH V�
,W LV ZHOO�NQRZQ WKDW WR HDFK WULDQJOH � � c� WKH PDWUL[

�%����[� ���� 	�	
 ��	� 	
 �

LV LQYHUWLEOH� 7KXV� WKH OLQHDU V\VWHP

;
	� 	
 �

F���%����[� ���  r��� � 

~
�� o  p

�� o � p

KDV D XQLTXH VROXWLRQ�
6LQFH WKLV OLQHDU V\VWHP GHSHQGV RQO\ RQ WKH EDU\FHQWULF FRRUGLQDWHV RI

[��� � WKH VROXWLRQ IF���J LV LQGHSHQGHQW RI � � /HW > c @ GHQRWH WKH SRLQW�
HYDOXDWLRQ IXQFWLRQDO� QDPHO\�

>[��� @I � I�[�����

7KHQ LW LV HDV\ WR VHH WKDW WKH IXQFWLRQDOV

/��� � 
;
	� 	
 �

F���>[� �� @� o � ==
�
� � MoM  N�

IRUP D GXDO EDVLV RI I%��� � MoM  NJ LQ WKH VHQVH RI

/���%���  r���� MoM  MpM  N�

)XUWKHUPRUH� WKHUH LV D SRVLWLYH FRQVWDQW &�� GHSHQGLQJ RQO\ RQ WKH GHJUHH
N� VXFK WKDW

MM/��� MM � VXS		� 		� 
 �
MM/���I MM �  PD[	� 	
 �MF���M x &�� ���

IRU o � ==
�
� � MoM  N� )URP ��� DQG WKH IDFW WKDW E��[����  /��� V� ZH KDYH

WKH IROORZLQJ�

/ (0 0 $ ���

,I V � 6
���c� DQG E� � ,5

�
LV WKH %�QHW UHSUHVHQWDWLRQ RI V� WKHQ

MMVMM � x MME�MM � x &�MMVMM � � ���

1RZ� OHW �  >Y��Y��Y�@ DQG H�  >Y��Y�� HY�@ EH WZR WULDQJOHV LQ c ZLWK
FRPPRQ HGJH H  >Y��Y�@� /HW 6�6�� 6�� DQG 6� GHQRWH WKH RULHQWHG DUHDV RI



6FDWWHUHG GDWD UHSUHVHQWDWLRQV �

WKH WULDQJOHV � � >HY��Y��Y�@� >Y�� HY��Y�@� DQG a� � UHVSHFWLYHO\� 7KH IROORZLQJ
UHVXOW� ZKLFK GHVFULEHV &

�
�VPRRWKQHVV FRQGLWLRQV RQ D VSOLQH IXQFWLRQ V LQ

WHUPV RI LWV %�QHW UHSUHVHQWDWLRQ� FDQ EH IRXQG LQ >��@ �VHH DOVR >��@� >��@�
HWF���

7+(25 (0 ���

6XSSRVH WKDW D ELYDULDWH VSOLQH IXQFWLRQ V LV GHpQHG RQ WKH XQLRQ RI WZR
WULDQJOHV � > H� E\

VM�  
;
	�	
 �

E�[����%��� �

VM ��  
;
	�	
 �

E�[�����%��H� �

7KHQ V � &
�
�� > H� � LI DQG RQO\ LI IRU DOO SRVLWLYH LQWHJHUV C x U DQG q  

�q�� q�� �� � ==
�
� ZLWK MqM  N b C�

E�[� � �������  
;
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w
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ZKHUH p  �p�� p�� p�� � ==
�
� DQG H

�
 ��� �� ���

/HW (� EH WKH VHW RI LQWHULRU HGJHV RI c� )RU H � (� DQG WZR WULDQJOHV
�  >Y��Y��Y�@ DQG H�  >Y��Y�� HY�@ VKDULQJ WKH FRPPRQ HGJH H  >Y��Y�@�
DQG o  �o�� o�� o�� � ==

�
� ZLWK � x o� x U� ZH GHpQH WKH IXQFWLRQDOV I���

RQ ,5
�
� WKH VSDFH RI DOO UHDO IXQFWLRQV� E\

y���E  E�[�����b
;
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,W LV FOHDU WKDW WKH VXSSRUW RI WKH IXQFWLRQDO y��� LV LQFOXGHG LQ D GLDPRQG
GRPDLQ ZLWK YHUWLFHV


�� � ���� � � ��� �
� �

�� � � � 
�� � ���� �
� � [��H� DQG [��� �

$V DQ H[DPSOH� ZH FDQ VHH WKDW WKH &
�

�VPRRWKQHVV FRQGLWLRQV DFURVV WKH
HGJH H IRU V � 6

�
�c� LV GHWHUPLQHG E\ WKH UHODWLRQ

E� � �� �H�  F�E� � ���� � F�E� � ���� � F�E� � ���� � ���

ZKHUH o  �o�� o�� �� � ==
�
� ZLWK o� � o�  �� H

�

� H
�
� DQG H

�
DUH WKH

VWDQGDUG XQLW YHFWRUV LQ ,5
�
� E���  E��[���� LV WKH %�QHW UHSUHVHQWDWLRQ RI

V� DQG F�� L  �� �� �� DUH WKH EDU\FHQWULF FRRUGLQDWHV RI aY� ZLWK UHVSHFW WR
� �



� +RQJ

5HFDOO WKDW ,5
�
LV WKH VSDFH RI DOO UHDO IXQFWLRQV� /HW M;M GHQRWH WKH

FDUGLQDOLW\ RI WKH VHW ; RI GRPDLQ SRLQWV� 7KHQ WKH VSDFHV 6
���c� DQG ,5

�

DUH LVRPRUSKLVP� 7KHUHIRUH� ZH KDYH

GLP�6
���c��  M;M�

/HW e  e
�
� EH WKH VHW RI DOO VXFK IXQFWLRQDOV GHpQHG E\ ��� DQG

e
�
 IE � 5

�
� yE  �� �y � eJ�

7KHQ ZH VHH WKDW WKH VSDFHV 6
�
��c� DQG �e

�
��
�
DUH LVRPRUSKLVP� 7KHUHIRUH�

ZH KDYH WKH IROORZLQJ�

7+(25 (0 ���

GLP�6
�
��c��  M; M b GLP�e

�
���

,W LV FHUWDLQO\ QRW WULYLDO WR GHWHUPLQH GLP�e
�
��� +RZHYHU� WKLV WKHRUHP

LV KHOSIXO WR GHWHUPLQH GLPHQVLRQ RI VSOLQH VSDFHV LQ WKH FDVH RI N y �U� �
�VHH >��@�� )RU VRPH UHFHQW SURJUHVV LQ WKH VWXG\ RI GLPHQVLRQ SUREOHP RI
VSOLQH VSDFHV� SOHDVH VHH >��@�
%�QHW UHSUHVHQWDWLRQ RI VSOLQHV FDQ DOVR EH DSSOLHG WR VWXG\ DSSUR[LPD�

WLRQ RUGHU RI 6
�
��c�� )RU WKLV SXUSRVH� ZH GHpQH / � QRUP RQ OLQHDU VSDFH

6
�
��c� DQG C � QRUP RQ OLQHDU VSDFH ,5

�
� 7KHQ WKHVH WZR QRUPV DUH HTXLY�

DOHQW E\ ���� 6LQFH ,5
�
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,Q WKH DERYH WKHRUHP� NIb3IN WXUQV WR EH D ORFDO DSSUR[LPDWLRQ SUREOHP
DQG LW LV QRW VR GLrFXOW WR GHWHUPLQH LWV DSSUR[LPDWLRQ RUGHU� 7KXV� WKH
NH\ SRLQW LV WR GHWHUPLQH
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,Q JHQHUDO� LW LV ZHOO NQRZQ WKDW WKH DSSUR[LPDWLRQ RUGHU RI 6
�
��c� QRW

RQO\ GHSHQGV RQ N DQG U� EXW DOVR RQ WKH JHRPHWULF VWUXFWXUH RI WKH SDUWLWLRQ
c� $FFRUGLQJ WR WKH UHVXOWV RI pQLWH HOHPHQWV DQDO\VLV LQ >��@ DQG >�@� LW
ZDV EHOLHYHG LQ WKH SDVW WKDW WKH IXOO DSSUR[LPDWLRQ RUGHU RI ~  N � �
FDQ EH REWDLQHG IURP WKH VSOLQH VSDFH 6

�
��c� RQO\ ZKHQ WKH GHJUHH RI WKH

SRO\QRPLDO N LV DW OHDVW �U��� GH %RRU DQG +�ROOLJ >��@ DSSOLHG WKLV WKHRUHP
DQG SURYHG WKH IROORZLQJ �VHH DOVR >��@ IRU D FRQVWUXFWLYH SURRI��
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)RU N y �U�� DQG VXrFLHQWO\ VPRRWK IXQFWLRQ I � WKHUH LV D FRQVWDQW &RQVW
ZKLFK RQO\ GHSHQGV RQ WKH VPDOOHVW DQJOH RI WKH SDUWLWLRQ c VXFK WKDW

GLVW�I� 6
�
��c�� x &RQVWMcM
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&KXL� +RQJ� DQG -LD LQ >��@ SURYLGHG D FRQVWUXFWLYH VFKHPH WR DFKLHYH
WKLV RSWLPDO DSSUR[LPDWLRQ RUGHU EDVHG RQ D VWDEOH EDVLV RI 6

�
��c� IRU WKH

FDVH RI N y �U��� 7KHUHIRUH� DQ\ WULDQJXODWLRQ c LV RSWLPDO IRU WKH VSOLQH
VSDFH 6

�
��c� DV ORQJ DV N y �U��� ,W LV QDWXUDO WR DVN WKDW LI WKH FRQGLWLRQ

N y �U�� LV VKDUS� ,Q RWKHU ZRUGV� LV WKHUH DQ\ SDLU RI LQWHJHUV N DQG U ZLWK
N x �U�� VXFK WKDW DQ\ WULDQJXODWLRQ LV RSWLPDO IRU 6

�
��c�" 7KH pUVW UHVXOW

LQ WKLV GLUHFWLRQ ZDV REWDLQHG E\ GH %RRU DQG +�ROOLJ �VHH >��@�� 7KH\ SURYHG
WKDW 6
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� KDV DSSUR[LPDWLRQ RUGHU � LQVWHDG RI �� +HUH c


��
VWDQGV IRU

D WKUHH�GLUHFWLRQDO PHVK �DOVR FDOOHG D W\SH�� WULDQJXODWLRQ� ZKLFK LV IRUPHG
E\ D XQLIRUP UHFWDQJXODU SDUWLWLRQ SOXV DOO QRUWKHDVW GLDJRQDOV� /DWHU� GH
%RRU DQG -LD LQ >��@ FRQVLGHUHG WKH DSSUR[LPDWLRQ RUGHU RI VSOLQH VSDFHV
RYHU WKH WKUHH�GLUHFWLRQ PHVK c


��
IRU JHQHUDO VPRRWKQHVV RUGHU U� 7KH\

REWDLQHG WKH IROORZLQJ�
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7KHRUHP � VKRZV WKDW LI N LV VXrFLHQWO\ ODUJH FRPSDUHG WR U� WKH VSOLQH
VSDFH 6
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��c� SURYLGHV WKH IXOO DFFXUDF\ H[SHFWHG RI SLHFHZLVH SRO\QRPLDOV

RI GHJUHH N� ,I N x �U � �� JHQHUDOO\ VSHDNLQJ� WKH VSDFH 6
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KDYH IXOO RUGHU RI DSSUR[LPDWLRQ DV VKRZQ LQ 7KHRUHP � IRU c LV WKH WKUHH�
GLUHFWLRQ PHVK c
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� %XW� LW LV QRW NQRZQ ZKDW LWV JHQHULF DSSUR[LPDWLRQ

RUGHU LV� GH %RRU FRQMHFWXUHG WKDW ELYDULDWH &
�

FXELF VSOLQH VSDFH KDV
DSSUR[LPDWLRQ RUGHU � JHQHULFDOO\ �VHH >��@� VHFW� ����
5HFDOO WKDW D WULDQJXODWLRQ IRUPHG IURP D XQLIRUP UHFWDQJXODU SDUWLWLRQ

E\ GUDZLQJ ERWK QRUWKHDVW GLDJRQDOV DQG QRUWKZHVW GLDJRQDOV DUH LV FDOOHG
D W\SH�� RU IRXU�GLUHFWLRQ PHVK� DQG LW LV GHQRWHG E\ c


��
� 1RWLFH WKDW WKH

LQWHUVHFWLRQV RI GLDJRQDOV DUH DOVR LQ WKH YHUWH[ VHW 9 �
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7KHRUHP � VKRZV WKDW WKH VSDFH 6
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� KDV IXOO RUGHU RI DSSUR[LPDWLRQ

LI N y �� ,W DOUHDG\ FRYHUHG D ODWHU UHVXOW SXEOLVKHG LQ >��@ RQ 6
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7KLV JLYHV ULVH WR D TXHVWLRQ� LV WKHUH DQ\ RSWLPDO WULDQJXODWLRQ IRU WKH
VSOLQH VSDFH 6

�
��c� HYHQ WKRXJK N x �U � �"

,W ZLOO EH YHU\ LQWHUHVWLQJ WR pQG VRPH WULDQJXODWLRQV c� ZKLFK DUH VRPH�
ZKDW VSHFLpF EXW PRUH JHQHUDO WKDQ WKH W\SH�� WULDQJXODWLRQ� VXFK WKDW WKH
VSOLQH VSDFH 6

�
��c� VWLOO KDV IXOO DSSUR[LPDWLRQ RUGHU N � �� 7KH TXHVWLRQ

ZDV ZHOO�DQVZHUHG IRU &
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TXDUWLF VSOLQH VSDFHV DQG ZH ZLOO GLVFXVV WKLV LQ
VRPH GHWDLOV LQ WKH QH[W VHFWLRQ�

6LPLODU WR WKH VWUXFWXUH RI W\SH�� WULDQJXODWLRQ� D TXDGUDQJXODWLRQ RI D
FRQQHFWHG SRO\JRQDO GRPDLQ n LQ ,5

�
FDQ EH GHpQHG DV IROORZV�

'() ,1,7,21 ��� $ FROOHFWLRQ RI TXDGULODWHUDOV T�� L  �� c c c � 1 LV
FDOOHG D TXDGUDQJXODWLRQ GLDPRQG RI D n LI �L� n  
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� 
 � T�� �LL� WKH LQ�

WHUVHFWLRQ RI DQ\ WZR TXDGULODWHUDOV LV HLWKHU HPSW\� D VLQJOH YHUWH[� RU D
FRPPRQ HGJH� �LLL� IRU DQ\ WZR TXDGULODWHUDOV T�� T�� WKHUH LV D VHTXHQFH RI
TXDGULODWHUDOV T�� c c c � T� LQ ` VXFK WKDW HDFK SDLU T�� T� � � VKDUH H[DFWO\ RQH
HGJH ZLWK HDFK RWKHU� ` LV FDOOHG FRQYH[ LI DOO TXDGULODWHUDOV DUH FRQYH[� DQG
` LV VDLG WR EH QRQGHJHQHUDWH LI QRQH RI WKH TXDGULODWHUDOV LV D WULDQJOH�

)RU D QRQGHJHQHUDWH FRQYH[ TXDGUDQJXODWLRQ RI D SRO\JRQDO GRPDLQ n
LQ ,5

�
� ZH XVH �̀ WR GHQRWH WKH WULDQJXODWLRQ REWDLQHG E\ LQVHUWLQJ WKH

GLDJRQDOV RI HDFK TXDGULODWHUDO RI `� 6SOLQH VSDFHV GHpQHG RQ WULDQJXODWHG
TXDGUDQJXODWLRQV KDYH EHHQ VWXGLHG ERWK LQ WKH pHOG RI pQLWH HOHPHQWV
DQG VSOLQH WKHRU\� )LQLWH HOHPHQWV LQ 6

�
���̀� ZHUH FRQVWUXFWHG LQ >��@ DQG

>��@� 7KH DSSUR[LPDWLRQ SURSHUWLHV RI 6
�

���̀� ZHUH LQYHVWLJDWHG LQ >��@ IRU /�

QRUP DQG LQ >��@ IRU / � QRUP� )LQLWH HOHPHQWV VSDQQLQJ D FHUWDLQ VXEVSDFH
RI 6

�����̀� IRU RGG LQWHJHU U DQG 6
������̀� IRU HYHQ LQWHJHU U ZHUH FRQVWUXFWHG

LQ >��@ UHFHQWO\� 7KH DSSUR[LPDWLRQ SURSHUWLHV XQGHU / � QRUP ZHUH DOVR
VWXGLHG WKHUH� ,Q >��@� WKH IROORZLQJ UHVXOW LV REWDLQHG�
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��� 2SWLPDO WU LDQJXODWLRQV IRU ORZHU �GHJU HH ELYDU LDWH
VSOLQH VSDFHV

6LQFH ORZHU GHJUHH VSOLQH VSDFHV DUH SUHIHUDEOH IRU DSSOLFDWLRQ SXUSRVHV� LW
LV EHQHpFLDO WR GHWHUPLQH RSWLPDO WULDQJXODWLRQV IRU 6
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7KLV VHFWLRQ ZLOO VSHFLpFDOO\ IRFXV RQ WKH VSOLQH VSDFH RI &
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TXDUWLF VSOLQHV�
6
�
�c��
5HFDOO WKDW GH %RRU DQG -LD SURYHG LQ ���� LQ >��@ WKDW WKH ELYDULDWH VSOLQH

VSDFH 6
�
��c


��
� DWWDLQV DQ DSSUR[LPDWLRQ RUGHU RI DW PRVW N IRU N x �U���
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LV QRW DQ RSWLPDO WULDQJXODWLRQ IRU WKH VSOLQH VSDFH 6
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� DWWDLQV DQ DSSUR[LPDWLRQ RUGHU RI DW
PRVW �� EXW QRW WKH RSWLPDO DSSUR[LPDWLRQ RUGHU RI �� 6R 6
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� LV QRW
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TXDUWLF VSOLQHV�
$ FRXSOH RI WHFKQLTXHV KDYH EHHQ LPSOHPHQWHG LQ UHFHQW \HDUV WR GH�

WHUPLQH RSWLPDO WULDQJXODWLRQV IRU &
�

TXDUWLF VSOLQHV� ,Q ����� &KXL DQG
+RQJ GHYHORSHG LQ >��@ D VFKHPH NQRZQ DV D /RFDO &ORXJK�7RFKHU 5HpQH�
PHQW 6FKHPH WR WUDQVIRUP DQ DUELWUDU\ WULDQJXODWLRQ RI GDWD SRLQWV LQWR
DQ RSWLPDO WULDQJXODWLRQ IRU &

�

TXDUWLF VSOLQHV� 7KHUH VRPH WULDQJOHV DUH
UHpQHG LQWR WKUHH VXEWULDQJOHV WR EHFRPH D &ORXJK�7RFKHU FHOO� +HUH� ORFDO�
LW\ PHDQV WKDW WKH &ORXJK�7RFKHU WULDQJOH LV DSSOLHG RQO\ WR VRPH LVRODWHG
WULDQJOHV LQ c� DQG DV XVXDO� D WULDQJOH LV FDOOHG D &ORXJK�7RFKHU WULDQJOH� LI
LW LV VXEGLYLGHG� E\ XVLQJ DQ LQWHULRU SRLQW �VXFK DV WKH FHQWURLG RI WKH WULDQ�
JOH�� LQWR WKUHH VXEWULDQJOHV� $ LQWHUSRODWLRQ VFKHPH ZDV DOVR FRQVWUXFWHG
WKHUH E\ XVLQJ FHUWDLQ ORFDOO\ VXSSRUWHG +HUPLWH HOHPHQWV� ZKLFK DUH FDOOHG
VWDU�YHUWH[ VSOLQHV� WR DFKLHYH WKLV RSWLPDO DSSUR[LPDWLRQ RUGHU�
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*HQHUDWLRQ RI DQ RSWLPDO PHVK LV RQH RI WKH PRVW LPSRUWDQW IDFHWV LQ
pQLWH HOHPHQW PRGHOLQJ� 7KH PHWKRG RI ORFDO &ORXJK�7RFKHU UHpQHPHQW RI
WULDQJXODWLRQV FDQ EH XQGHUWDNHQ ZLWKRXW DQ\ HOHPHQW GLVWRUWLRQ� DQG WKH
ORFDO LQWHUSRODWLRQ VFKHPHV ZLOO KHOS LQ GUDVWLFDOO\ GHFUHDVLQJ WKH FRPSXWD�
WLRQDO FRPSOH[LW\ DV FRPSDUHG ZLWK WKH VWDQGDUG �JOREDO� &ORXJK�7RFKHU
VFKHPH�
+RZHYHU� WKH GLVDGYDQWDJH RI WKLV VFKHPH LV WKDW LW UHTXLUHV WKH LQFOXVLRQ

RI DGGLWLRQDO GDWD SRLQWV DQG RIWHQ LQ DSSOLFDWLRQV QR VFDWWHUHG GDWD LV
DYDLODEOH IRU DGGLWLRQDO GDWD VLWHV� 7R DYRLG LQWURGXFLQJ VRPH QHZ GDWD
SRLQWV LQ DGGLWLRQ WR WKH YHUWH[ VHW RI WKH WULDQJXODWLRQ c� DV LQ WKH ORFDO
&ORXJK�7RFKHU UHpQHPHQW� +RQJ DQG 0RKDSDWUD ODWHU GHYHORSHG LQ ����
LQ >��@ D PL[HG WKUHH�GLUHFWLRQDO PHVK ZKLFK LV DQ RSWLPDO WULDQJXODWLRQ IRU
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TXDUWLF VSOLQHV RQ WKH H[LVWLQJ GDWD SRLQWV� $ UHFWDQJOH ZLWK QRUWKHDVW
GLDJRQDO LV FDOOHG D 1(�UHFWDQJOH� 6LPLODUO\� D UHFWDQJOH ZLWK QRUWKZHVW
GLDJRQDO LV FDOOHG D 1:�UHFWDQJOH� )RU D WULDQJXODWLRQ c ZKLFK FRQVLVWV RI
1(� DQG 1:�UHFWDQJOHV ZH PD\ FDOO c D PL[HG WKUHH� GLUHFWLRQ PHVK DQG
GHQRWH LW E\ c


��
� ,Q >��@� ZH REWDLQ WKH IROORZLQJ�

7+(25 (0 ���

)RU D PL[HG WKUHH�GLUHFWLRQ PHVK c

��

WKHUH LV D OLQHDU LQWHUSRODWLQJ RSHUD�
WRU 7 � I � &

�

�c

��
� �� V � 6

�
�c
��
� VXFK WKDW 7S  S IRU DQ\ SRO\QRPLDO

S � }
 DQG VXFK WKDW 7 DFKLHYHV WKH RSWLPDO RUGHU RI DSSUR[LPDWLRQ� WKDW
LV�

N7J b JN x &NJ

��
NMc


��
M
�

� IRU J � &
�

�c

��
�� �����

ZKHUH Mc

��
M LV WKH PHVK VL]H RI c


��
�

7KHUHIRUH� WKH PL[HG WKUHH�GLUHFWLRQDO PHVK c

��
LV RSWLPDO IRU &

�

TXDU�
WLF VSOLQH VSDFH 6

�
�c
��
�� $QG VR� WKH PL[HG WKUHH�GLUHFWLRQDO PHVK c


��
LV

EHWWHU WKDQ WKH WKUHH�GLUHFWLRQDO PHVK LQ WKH VHQVH WKDW WKH FRUUHVSRQGLQJ
VSOLQH VSDFH KDV D KLJKHU RUGHU RI DSSUR[LPDWLRQ� $OVR WKH PL[HG WKUHH�
GLUHFWLRQDO PHVK c
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LV EHWWHU WKDQ ORFDO UHpQHPHQWV LQ WKH VHQVH WKDW WKH
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TXDUWLF VSOLQH VSDFH DFKLHYHV WKH RSWLPDO DSSUR[LPDWLRQ RUGHU E\ XVLQJ
D VPDOOHU QXPEHU RI GDWD VLWHV LQ WKH LQWHUSRODWLRQ� ,Q FRPSDULVRQ� WKH
PL[HG WKUHH�GLUHFWLRQDO PHVK XVLQJ WKH GDWD RQO\ DW WKH LQWHUVHFWLRQV RI
UHFWDQJOH OLQHV DQG ZLWK WKH RSWLPDO�RUGHU � FDQ DOVR EH DFKLHYHG E\ WKH
VSDFH 6
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�� 7KHUHIRUH� WKH PL[HG WKUHH�GLUHFWLRQDO PHVK LV DOVR EHWWHU

WKDQ WKH IRXU�GLUHFWLRQDO PHVK LQ WKLV SRLQW�
7KH XQLIRUP SDUWLWLRQ FHUWDLQO\ UHVWULFWV WKH DSSOLFDWLRQ RI WKH PL[HG

WKUHH�GLUHFWLRQDO HOHPHQWV WR WKH DUELWUDULO\ JLYHQ GDWD SRLQWV� ,Q >��@� ZH
FRQVLGHUHG &

�

TXDUWLF VSOLQH VSDFH RYHU DUELWUDU\ WULDQJXODWLRQV DQG SUR�
YLGHG DQ HrFLHQW PHWKRG� FDOOHG (GJH 6ZDSSLQJ $OJRULWKP� IRU WULDQJXODW�
LQJ DQ\ pQLWH DUELWUDULO\ VFDWWHUHG VDPSOH VLWHV� VXFK WKDW IRU DQ\ GLVFUHWH
GDWD JLYHQ DW WKHVH VDPSOH VLWHV� WKHUH LV D &
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TXDUWLF SRO\QRPLDO VSOLQH
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RQ WKLV WULDQJXODWLRQ WKDW LQWHUSRODWHV WKH JLYHQ GDWD ZLWK WKH RSWLPDO RU�
GHU RI DSSUR[LPDWLRQ� 7KH 0DW/DE FRPSOHPHQWDWLRQ RI WKH DOJRULWKP DQG
QXPHULFDO H[DPSOHV ZHUH JLYHQ LQ >��@� 7R H[SODLQ WKH LGHD RI WKH (GJH
6ZDSSLQJ $OJRULWKP KHUH� ZH QHHG WR UHFDOO VRPH QRWDWLRQ IURP JUDSK WKH�
RU\� 7KH GHJUHH RI DQ\ YHUWH[ Y � 9 � ZKLFK ZH ZLOO GHQRWH E\ GHJ�Y�� LV
WKH QXPEHU RI HGJHV HPDQDWLQJ IURP Y� ,I GHJ�Y� LV DQ HYHQ LQWHJHU� WKHQ
ZH VD\ WKDW Y LV DQ HYHQ�GHJUHH YHUWH[� RWKHUZLVH� Y LV FDOOHG DQ RGG�GHJUHH
YHUWH[� ,Q DGGLWLRQ� DQ LQWHULRU YHUWH[ Y LV FDOOHG D VLQJXODU YHUWH[ LI �L� LWV
GHJUHH LV � DQG �LL� LW LV WKH LQWHUVHFWLRQ RI WZR VWUDLJKW OLQH VHJPHQWV� ,I
H���� H�� H� � � DUH WKUHH FRQVHFXWLYH HGJHV ZLWK D FRPPRQ YHUWH[ Y� WKHQ WKH
HGJH H� LV FDOOHG GHJHQHUDWH ZLWK UHVSHFW WR Y� SURYLGHG WKDW WKH WZR HGJHV
H��� DQG H� � � DUH FROOLQHDU� 1RZ� ZH DUH UHDG\ WR LQWURGXFH WKH QRWLRQ RI
W\SH�2 WULDQJXODWLRQ�

$ YHUWH[ X ZLOO EH FDOOHG D W\SH�2 YHUWH[ RI D WULDQJXODWLRQ c LI X VDWLVpHV
DW OHDVW RQH RI WKH IROORZLQJ�

�D� X LV D ERXQGDU\ YHUWH[ RI c�

�E� X � 9� ZLWK GHJ�X�  ��

�F� X � 9� DQG GHJ�X� LV DQ RGG LQWHJHU�

�G� X � 9� DQG WKHUH H[LVWV D YHUWH[ Y RI c WKDW VDWLVpHV HLWKHU �L� Y � 9�
DQG GHJ�Y�  � RU GHJ�Y�  DQ RGG LQWHJHU� RU �LL� Y � 9�� VXFK WKDW >X�Y@
LV D QRQGHJHQHUDWH HGJH RI c ZLWK UHVSHFW WR X�

:H ZLOO XVH 9� WR GHQRWH WKH FROOHFWLRQ RI DOO W\SH�2 YHUWLFHV LQ 9 �

'() ,1,7,21 ��� $ WULDQJXODWLRQ RI 9 ZLWK RQO\ W\SH�2 YHUWLFHV �L�H��
9  9�� LV FDOOHG D W\SH�2 WULDQJXODWLRQ�

7KH UHDVRQ IRU LQWURGXFLQJ WKH QRWLRQ RI W\SH�2 WULDQJXODWLRQV LV WKH
IROORZLQJ �VHH >��@��
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$Q\ W\SH�2 WULDQJXODWLRQ c DGPLWV WKH RSWLPDO ��WK� RUGHU RI DSSUR[LPD�
WLRQ IURP 6
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$V D FRQVHTXHQFH RI WKH DERYH WKHRUHP� ZH KDYH
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,I D WULDQJXODWLRQ c FRQVLVWV RQO\ RI RGG�GHJUHH LQWHULRU YHUWLFHV� WKHQ WKH
VSOLQH VSDFH 6

�
�c� \LHOGV WKH RSWLPDO RUGHU RI DSSUR[LPDWLRQ�

7R FRQYHUW DQ\ WULDQJXODWLRQ WR EH D W\SH�2 WULDQJXODWLRQ� ZH LQWURGXFH D
VR�FDOOHG HGJH VZDSSLQJ DOJRULWKP� (YHU\ LQWHULRU HGJH H RI D WULDQJXODWLRQ
c LV WKH GLDJRQDO RI D TXDGULODWHUDO 4� ZKLFK LV WKH XQLRQ RI WZR WULDQJOHV
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RI c ZLWK FRPPRQ HGJH H� )ROORZLQJ >��@� ZH VD\ WKDW H LV D VZDSSDEOH
HGJH LI 4� LV FRQYH[ DQG QR WKUHH RI LWV YHUWLFHV DUH FROOLQHDU� ,I DQ HGJH H
RI D WULDQJXODWLRQ c LV VZDSSDEOH� WKHQ ZH FDQ FUHDWH D QHZ WULDQJXODWLRQ
E\ VZDSSLQJ WKH HGJH� 7KDW LV� LI Y�� c c c �Y
 DUH WKH YHUWLFHV RI 4� RUGHUHG
LQ WKH FRXQWHUFORFNZLVH GLUHFWLRQ� DQG LI H KDV HQGSRLQWV Y� DQG Y�� WKHQ
WKH VZDSSHG HGJH KDV HQGSRLQWV Y� DQG Y
� 7ZR YHUWLFHV LQ c ZLOO EH
FDOOHG QHLJKERUV RI HDFK RWKHU LI WKH\ DUH WKH HQGSRLQWV RI WKH VDPH HGJH
LQ c� +HQFH� ZKLOH Y� DQG Y� DUH QHLJKERUV LQ WKH RULJLQDO WULDQJXODWLRQ
c� Y� DQG Y
 EHFRPH QHLJKERUV LQ WKH QHZ WULDQJXODWLRQ DIWHU WKH HGJH H
LV VZDSSHG�

)RU DQ\ JLYHQ VHW RI VDPSOH VLWHV� LW LV FOHDU WKDW� ZLWK WKH H[FHSWLRQ RI
WKRVH WKDW DUH FROOLQHDU� WKHUH LV D WULDQJXODWLRQ ZLWK WKHVH VDPSOH VLWHV DV
LWV RQO\ YHUWLFHV� /HW c EH D WULDQJXODWLRQ DVVRFLDWHG ZLWK WKH JLYHQ VHW 9 �
DQG OHW 9� EH WKH VHW RI DOO W\SH�2 YHUWLFHV LQ c� 6HW

a9  9 Q 9��

,I X � a9 � WKHQ X DQG DOO LWV QHLJKERUV ZLWK QRQGHJHQHUDWH HGJHV ZLWK UH�
VSHFW WR X PXVW EH HYHQ�GHJUHH YHUWLFHV ZLWK GHJ�X� y �� :H FDQ VHH
WKDW� IRU HYHU\ LQWHULRU YHUWH[ X ZLWK Q � GHJ�X� y �� WKHUH LV D VZDS�
SDEOH HGJH H � (�� +HQFH� WKHUH LV DW OHDVW RQH YHUWH[ X� VXFK WKDW ERWK
�
X���XX� � � DQG

�
X���X�X� � � DUH OHVV WKDQ }� 7KHUHIRUH� WKH TXDGULODWHUDO

4 � >X����X��X� � ��X@ LV FRQYH[� DQG KHQFH� WKH HGJH >Y�Y�@ LV VZDSSDEOH�

1RZ ZH DUH UHDG\ WR GHVFULEH RXU (GJH 6ZDSSLQJ $OJRULWKP IRU FRQ�
VWUXFWLQJ D W\SH�2 WULDQJXODWLRQ Ec� VWDUWLQJ ZLWK DQ\ WULDQJXODWLRQ c�

6ZDSSLQJ $OJRULWKP



6FDWWHUHG GDWD UHSUHVHQWDWLRQV ��

'R ZKLOH � a9 � ��
3LFN DQ\ YHUWH[ X LQ a9 DQG FRQVLGHU LWV QHLJKERUV�
3LFN DQ\ QHLJKERU Y RI X VR WKDW WKH HGJH >X�Y@ LV VZDSSDEOH�
6ZDS >X�Y@� \LHOGLQJ D QHZ HGJH >X��Y�@�
)RUP D VXEVHW RI a9 E\ GHOHWLQJ IURP a9 DOO WKH QHLJKERUVZ RIZ� � X�
Y� X�� RU Y�� ZLWK >Z�Z�@ EHLQJ D QRQGHJHQHUDWH HGJH ZLWK UHVSHFW WR
Z�
&DOO WKLV VXEVHW a9 �
(QGGR

7KH QHZ WULDQJXODWLRQ REWDLQHG E\ DSSO\LQJ WKLV (GJH 6ZDSSLQJ $OJR�
ULWKP LV GHQRWHG E\ Ec� ,W LV FOHDU WKDW WKH WULDQJXODWLRQV c DQG Ec KDYH WKH
VDPH QXPEHU RI WULDQJOHV� VLQJXODU YHUWLFHV� LQWHULRU DQG ERXQGDU\ YHUWLFHV�
DQG HGJHV� +HQFH� LW IROORZV WKDW

GLP6
�


�Ec�  GLP6
�


�c��

Ec LV DQ RSWLPDO WULDQJXODWLRQ IRU &
�

TXDUWLF VSOLQH VSDFH� &RPELQLQJ WKH
(GJH 6ZDSSLQJ $OJRULWKP ZLWK 7KHRUHP �� ZH KDYH WKH IROORZLQJ�

7+(25 (0 ����

(YHU\ pQLWH VHW 9 RI VDPSOH VLWHV DGPLWV DQ RSWLPDO WULDQJXODWLRQ c� VXFK
WKDW WKH &

�

TXDUWLF VSOLQH VSDFH 6
�
�c� KDV WKH RSWLPDO �pIWK� RUGHU RI DS�

SUR[LPDWLRQ�

$ 0$7/$% SDFNDJH ZKLFK DSSOLHV WKH (GJH 6ZDSSLQJ $OJRULWKP WR DQ\
WULDQJXODWLRQ RQ D pQLWH VHW RI YHUWLFHV WR FRQVWUXFW D W\SH�2 WULDQJXODWLRQ
RI WKH VDPSOH SRLQWV LV GHVFULEHG LQ >��@� 7KH SDFNDJH LQFOXGHV D PDLQ IXQF�
WLRQ VZDS�P DV ZHOO DV VXEIXQFWLRQV FRQVHFY�P� GHOURZ�P� ILQGURZ�P�

ILQGWUL�P� QERUV�P DQG WULPHVK��P� D PRGLpFDWLRQ RI WKH 0$7/$% ���
IXQFWLRQ WULPHVK�P�
7KH VZDS SURJUDP PD\ EH XVHG WR HoHFWLYHO\ LPSOHPHQW WKH (GJH 6ZDS�

SLQJ $OJRULWKP RQ DQ\ LQLWLDO WULDQJXODWLRQ RI VDPSOH SRLQWV IRU ZKLFK D
WULDQJXODWLRQ DGPLWWLQJ DQ RSWLPDO DSSUR[LPDWLRQ ZLWK &

�

TXDUWLF VSOLQHV
LV GHVLUHG� )LJXUH � VKRZV D WULDQJXODWLRQ RI VRPH VFDWWHUHG VDPSOH SRLQWV
ZKLFK KDV EHHQ GHpQHG LQ 0$7/$% XVLQJ WKH [ DQG \ YHFWRUV DQG WKH
WUL PDWUL[� 7KLV WULDQJXODWLRQ ZDV WUDQVIRUPHG E\ VZDS WR WKH W\SH�2
WULDQJXODWLRQ LQ )LJXUH � ZLWK D VLQJOH HGJH VZDS� 7KH pUVW QRQ�W\SH�2
YHUWH[ HQFRXQWHUHG E\ VZDS ZDV ORFDWHG DW ���� ���� $V WKH QHLJKERUV RI
WKLV YHUWH[ ZHUH FRQVLGHUHG� WKH QHLJKERU DW ���� ��� ZDV WKH pUVW RQH IRXQG
WR IRUP D VZDSSDEOH HGJH� 7KH UHVXOWLQJ HGJH VZDS ZDV VXrFLHQW WR FUHDWH
WKH W\SH�2 WULDQJXODWLRQ LQ WKH ODWWHU pJXUH�
5HFDOO WKDW WKH WKUHH�GLUHFWLRQDO PHVK c


��
LV QRW RSWLPDO IRU &

�

TXDUWLF
VSOLQHV� )LJXUH � GHSLFWV D W\SH�2 WULDQJXODWLRQ UHVXOWLQJ IURP DQ DSSOL�
FDWLRQ RI VZDS WR WKH VDPSOH c


��
LQ )LJXUH �� 6LQFH VZDS FRQVLGHUV WKH
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YHUWLFHV RI WKH LQLWLDO WULDQJXODWLRQ LQ VHTXHQWLDO RUGHU� WKH W\SH�2 WULDQJXOD�
WLRQ UHWXUQHG E\ VZDS PD\ EH GHSHQGHQW RQ WKH RUGHU LQ ZKLFK WKH YHUWLFHV
DUH GHpQHG LQ WKH [ DQG \ YHFWRUV� 7KH UHVXOW LQ )LJXUH � ZDV DFKLHYHG E\
RUGHULQJ WKH YHUWLFHV IURP WKH ERWWRP WR WKH WRS RI HDFK FROXPQ� EHJLQQLQJ
ZLWK WKH OHIWPRVW FROXPQ� )LJXUH � GHSLFWV D TXLWH GLoHUHQW W\SH�2 WULDQ�
JXODWLRQ RI WKLV YHUWH[ VHW� ZKHUH RQO\ WKH GLUHFWLRQ RI WKH GLDJRQDOV LQ WKH
LQLWLDO WULDQJXODWLRQ ZDV FKDQJHG� 7KLV LOOXVWUDWHV KRZ WKH RXWSXW RI VZDS
RQ D SDUWLFXODU YHUWH[ VHW PD\ EH FKDQJHG� ZKHQ GHVLUDEOH� E\ UHRUGHULQJ
WKH YHUWLFHV RU DOWHULQJ WKH LQLWLDO WULDQJXODWLRQ�

��� , QWHU SRODWLRQ DQG $SSU R[LPDWLRQ XVLQJ &
�

FXELF
DQG &

�

TXDGU DWLF VSOLQHV

,Q WKLV VHFWLRQ� ZH ZRXOG OLNH WR GLVFXVV VRPH SRVVLELOLWLHV WR pQG WKH
RSWLPDO WULDQJXODWLRQ IRU &

�

FXELF RU &
�

TXDGUDWLF VSOLQH IXQFWLRQV� DQG
DOVR VRPH UHVXOWV RQ LQWHUSRODWLRQ XVLQJ FXELF RU TXDGUDWLF VSOLQH HOHPHQWV�

$V ZH FDQ VHH IURP WKH SUHYLRXV VHFWLRQV WKDW LW LV GH %RRU DQG +�ROOLJ
ZKR pUVW DSSOLHG %�QHW WHFKQLTXH LQ >��@ WR VWXG\ DSSUR[LPDWLRQ RUGHU
RI &

�

FXELF VSOLQH VSDFH� WKHUH WKH\ SURYHG WKDW c

��
LV QRW RSWLPDO IRU

&
�

FXELF VSOLQHV� :H
YH DOVR VHHQ WKDW W\SH�� WULDQJXODWLRQV >��@ DQG WKH
WULDQJXODWHG TXDGUDQJXODWLRQV >��@ DUH RSWLPDO WULDQJXODWLRQV IRU &

�

FXELF
VSOLQHV� )URP 7KHRUHP � ZH NQRZ WKDW WKH W\SH�� WULDQJXODWLRQ LV DOVR
RSWLPDO IRU &

�

TXDGUDWLF VSOLQHV� ,Q JHQHUDO� WKH TXHVWLRQ RI KRZ WR pQG
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DQ RSWLPDO WULDQJXODWLRQ IRU WKH ELYDULDWH VSOLQH VSDFH 6
�
��c� RI &

�

FXELF
RU &

�

TXDGUDWLF LV VWLOO RSHQ DQG ZLOO EH D YHU\ FKDOOHQJH SUREOHP�

,W LV QDWXUDO WR FRQVLGHU WKH XVH RI pQLWH HOHPHQWV DV LQWHUSRODQW� SDUWLFX�
ODUO\ VLQFH WKHUH LV D ODUJH DQG VRSKLVWLFDWHG PDFKLQHU\ DYDLODEOH WR KDQGOLQJ
WKHP� )RU D SLHFHZLVH SRO\QRPLDO LQWHUSRODQW WR EH GLoHUHQWLDEOH JOREDOO\�
LWV SRO\QRPLDO GHJUHH PXVW EH DW OHDVW � DFFRUGLQJ WR >��@� $ ZHOO�NQRZQ
WHFKQLTXH RI UHGXFLQJ WKDW GHJUHH� LV WR VXEGLYLGH WKH WULDQJOH LQWR WKUHH
VXEWULDQJOHV� 6SOLWWLQJ D WULDQJOH DERXW LWV FHQWURLG LQWR WKUHH VXEWULDQJOHV
DQG OHWWLQJ WKH SRO\QRPLDO GHJUHH EH � JLYHV ULVH WR WKH ZLGHO\ XVHG &ORXJK�
7RFKHU 6FKHPH� &ORXJK�7RFKHU VSOLWV ZHUH LQWURGXFHG LQ >��@� )RU D JLYHQ
WULDQJXODWLRQ c RI D VHW n� ZH XVH c�� WR GHQRWH WKH &ORXJK�7RFKHU �UH�
pQHPHQW� WULDQJXODWLRQ RI c ZKLFK LV IRUPHG E\ FRQQHFWLQJ WKH FHQWURLG
Y� RI HDFK WULDQJOH � LQ c WR WKH WKUHH YHUWLFHV RI � � :H FDQ SURYH WKH
IROORZLQJ�

7+(25 (0 ����

7KH &ORXJK�7RFKHU WULDQJXODWLRQ c�� LV RSWLPDO IRU &
�

FXELF VSOLQH VSDFH
RYHU c�� �

%DVHG RQ D VLPLODU FRQVLGHUDWLRQ DV LQ >��@� ZH RSHQ WKH IROORZLQJ�

3UREOHP �� ,V WKHUH DQ\ ORFDO &ORXJK�7RFKHU WULDQJXODWLRQ c��� VR WKDW

LW LV RSWLPDO IRU &
�

FXELF VSOLQH VSDFH RYHU c����

5HFDOO WKDW D PL[HG WKUHH�GLUHFWLRQDO PHVK LV RSWLPDO IRU &
�

TXDUWLF
VSOLQHV� ,W LV FHUWDLQO\ LQWHUHVWLQJ WR REWDLQ D VLPLODU UHVXOW IRU &

�

FXELF
VSOLQHV�
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3UREOHP �� ,V WKHUH DQ\ PL[HG WKUHH�GLUHFWLRQDO PHVK EHLQJ RSWLPDO IRU

&
�

FXELF VSOLQHV"

$Q DOWHUQDWLYH UHpQHPHQW DSSURDFK LV FDOOHG 3RZHOO�6DELQ VSOLW� ZKLFK
VSOLWV HDFK WULDQJOH LQWR VL[ VXEWULDQJOHV� 0RUH SUHFLVHO\� ZH JLYH WKH IRO�
ORZLQJ�

'() ,1,7,21 ��� *LYHQ D WULDQJXODWLRQ c� WKH 3RZHOO�6DELQ �UHpQH�
PHQW� WULDQJXODWLRQ c�� LV IRUPHG E\ FRQQHFWLQJ LQFHQWHUV RI WULDQJOHV RI
c DQG DOVR E\ FRQQHFWLQJ LQFHQWHUV WR FHQWUDO SRLQWV RI ERXQGDU\ HGJHV IRU
ERXQGDU\ WULDQJOHV�

,W LV ZHOO�NQRZQ WKDW 3RZHOO�6DELQ WULDQJXODWLRQV FDQ EH XVHG WR VWXG\ &
�

TXDGUDWLF VSOLQHV �VHH >��@�� ,Q >��@� VRPH FRPSXWDWLRQDO VFKHPHV DQG RSWL�
PL]DWLRQ DOJRULWKPV DUH LQWURGXFHG IRU LQWHUSRODWLQJ GLVFUHWH JULGGHG GDWD
E\ &

�

TXDGUDWLF VSOLQH VXUIDFHV WKDW SUHVHUYH WKH VKDSH FKDUDFWHULVWLFV RI
WKH GDWD� $OVR� VRPH HQHUJ\ IXQFWLRQDOV DUH SUHVHQWHG WKHUH IRU WKH FKDUDF�
WHUL]DWLRQ RI RSWLPDO LQWHUSRODQWV VDWLVI\LQJ WKH UHTXLUHG VKDSH�SUHVHUYDWLRQ
FULWHULD�
$ QRQ�XQLIRUP W\SH�� �WKUHH�GLUHFWLRQDO� PHVK� ZH GHQRWH LW E\ c


��
��� LV

FRQVWUXFWHG IURP D UHFWDQJXODU JULG RI D UHFWDQJXODU UHJLRQ 5  >D� E@d>F� G@�
ZKHUH

D  [� � c c c � [�  E� F  \� � c c c � \�

E\ GUDZLQJ LQ DOO QRUWKHDVW GLDJRQDOV� 6LPLODUO\� c

��
�� ZLOO GHQRWH WKH QRQ�

XQLIRUP W\SH�� WULDQJXODWLRQ� ,W KDV EHHQ DWWUDFWHG DWWHQWLRQV WR UHSUHVHQW

VFDWWHUHG GDWD XVLQJ VSOLQHV RYHU WULDQJXODWLRQV c

��
�� DQG c


��
��� ,Q >��@�

WKH IROORZLQJ UHVXOW ZDV REWDLQHG�

7+(25 (0 ����

)RU JLYHQ GDWD I�Y����� I ���Y����� L  �� �� c c c � Q� M  �� �� c c c �P� I ���Y�����
I �����Y����� L  �� c c c �P� I ���Y����� I �����Y����� M  �� c c c � Q� DQG I ���Y�����

I ���Y����� I ���Y����� WKHQ WKHUH LV D XQLTXH V � 6
�
��c


��
��� VDWLVpHV WKH IRO�

ORZLQJ LQWHUSRODWLRQ FRQGLWLRQV�

�V�Y����� V���Y�����  �I�Y����� I ���Y������ L  �� �� c c c � Q� M  �� �� c c c �P�

�V���Y����� V�����Y�����  �I ���Y����� I �����Y������ L  �� c c c �P�

�V���Y����� V�����Y�����  �I ���Y����� I �����Y������ M  �� c c c �P�

�V���Y����� V���Y����� V���Y�����  �I ���Y����� I ���Y����� I ���Y������

DQG DOVR

NI b VN � x &RQVWMcM
�
>��'
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ZKHUH N'


IN  NIN
�� � DQG

��'


I� McM�  PD[����
I��

#


I

#[�#\

�� � McMJ�

0DQ\ DXWKRUV KDYH DOVR FRQVLGHUHG VFDWWHUHG GDWD LQWHUSRODWLRQ XVLQJ

ELYDULDWH VSOLQHV RYHU c

��
��� 7KH IROORZLQJ UHVXOWV LV JLYHQ E\ <H >��@ �VHH

DOVR >��@��
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/HW I � &
�
�>D� E@ d >F� G@�� 7KHQ WKHUH LV D TXDGUDWLF VSOLQH IXQFWLRQ V �

6
�

��c

��
��� VDWLVI\LQJ

NI b VN x �N'
�
INMcM

�
�

McM
�

��
>���I


��
� � McM� � ���I


��
� � McM�@�

&OHDUO\� WKHVH LQWHUSRODWLRQ UHVXOWV DUH QRW \HW LGHDO VLQFH WKH RUGHU RI
DSSUR[LPDWLRQ LV QRW RSWLPDO GXH WR HLWKHU WKH WULDQJXODWLRQ VWUXFWXUH RU
WKH LQWHUSRODWLRQ VFKHPH LWVHOI� ,W LV LQWHUHVWLQJ WR VHHN ERWK RSWLPDO WUL�
DQJXODWLRQ FRQVWUXFWLRQ DQG LPSURYLQJ LQWHUSRODWLRQ VFKHPHV IRU RSWLPDO
RUGHU RI DSSUR[LPDWLRQ�

��� 6WDEOH ORFDO EDVLV DQG ORFDO OLQHDU LQGHSHQGHQW ED�
VLV

)RU DSSOLFDWLRQV� RQH LV UHTXLUHG WR FRQVWUXFW DQ HrFLHQW VFKHPH WR
DFKLHYH WKH IXOO RUGHU N � � RI DSSUR[LPDWLRQ� )RU WKLV SXUSRVH� H[SOLFLW
EDVHV IRU WKH VSDFHV 6

�
��c� DUH VHW XS ZKHQ N y �U � � DQG DQ DSSUR[LPD�

WLRQ VFKHPH XVLQJ VXFK EDVHV WR DFKLHYH WKH RSWLPDO RUGHU RI DSSUR[LPDWLRQ
ZDV GLVFXVVHG LQ >��@� +RZHYHU� WKH EDVHV SUHVHQWHG WKHUH� DV ZHOO DV LQ >��@�
DUH QRW VWDEOH� )RU VSOLQH VSDFH 6

�
��c�� D EDVLV I%�J

�
� RI 6

�
��c� LV VDLG WR

EH D ORFDO VWDEOH EDVLV LI HDFK %� LV ORFDOO\ VXSSRUWHG DQG WKHUH H[LVW WZR
SRVLWLYH FRQVWDQWV &� DQG &�� GHSHQGLQJ RQO\ RQ N DQG WKH VPDOOHVW DQJOH
v RI WKH WULDQJXODWLRQ c� VXFK WKDW

&� VXS� MD�M x

qqqqq
;
�

D�%�
qqqqq
�

x &� VXS� MD�M�

7KH FRQVWUXFWLRQ RI D ORFDO VWDEOH EDVLV RI D VXSHU VSOLQH VSDFH 6
���
� �c�

ZDV SUHVHQWHG LQ >��@ �VHH DOVR >��@�� 7KH VXEVSDFH 6
���
� �c� RI VXSHU VSOLQHV
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RI VPRRWKQHVV U DQG GHJUHH x N ZLWK HQKDQFHG VPRRWKQHVV RUGHU z y U LV
GHpQHG DV

6
���
� �c�  IV � 6

�
��c� � V � &

�
DW HDFK YHUWH[ RI cJ�

,Q >��@� WKH IROORZLQJ UHVXOW LV REWDLQHG�

7+(25 (0 ����

,I N y �U � �� WKHQ WKHUH LV VWDEOH EDVLV I%�� C  �� c c c � 1J ZLWK 1  
GLP�6

�
��c��J� IRU 6

���
� �c�� 7KLV EDVLV LV DOVR ORFDO LQ WKH VHQVH WKDW� IRU

DQ\ C� WKHUH H[LVWV D YHUWH[ X VXFK WKDW WKH VXSSRUW RI %�

VXSS %� v 6W

� ���� � �

�X��

ZKHUH WKH FORVHG VWDU RI D YHUWH[ Y� GHQRWHG E\ 6W�Y�  � 6W
�

�Y�� LV WKH XQLRQ
RI DOO WKH WULDQJOHV DWWDFKHG WR Y� DQG WKH P�VWDU RI Y� GHQRWHG E\ 6W

�
�Y��

LV WKH XQLRQ RI DOO WULDQJOHV WKDW LQWHUVHFW ZLWK 6W
���

�Y�� P ! ��

7KH VWDU RI D YHUWH[ LV WKH VHW RI WULDQJOHV VKDULQJ WKDW YHUWH[� :H FDOO
VSOLQHV VXSSRUWHG RQO\ RQ WKH VWDU RI D YHUWH[ VWDU�VXSSRUWHG VSOLQHV�
5HFHQWO\� $OIHOG DQG 6FKXPDNHU LQ >�@ SURYHG WKH IROORZLQJ�

7+(25 (0 ����

6XSSRVH U y � DQG N x �U � �� 7KHQ WKHUH DUH WULDQJXODWLRQV c IRU ZKLFK
6

�
��c� GRHV QRW KDYH D VWDU� VXSSRUWHG EDVLV�

7KH SURRI RI WKLV WKHRUHP LV EDVHG DQ DQDO\VLV RI VSOLQH VSDFHV RYHU D
WKUHH�GLUHFWLRQDO PHVK�
+HUH� ZH FDQ PDNH D YHU\ HDV\ DUJXPHQW WR VKRZ WKH DERYH WKHRUHP�

1RWLFLQJ D IDFW WKDW D VSOLQH VSDFH RYHU c

��
ZLOO KDYH IXOO RUGHU RI DSSUR[�

LPDWLRQ SURYLGHG WKDW LW KDV D ORFDOO\ VXSSRUWHG EDVLV�
%\ 7KHRUHP �� WKH VSOLQH VSDFH 6

�
��c


��
� FDQQRW KDYH IXOO RUGHU RI DS�

SUR[LPDWLRQ LI N x �U��� WKHUHIRUH� LW FDQQRW KDYH ORFDOO\ VXSSRUWHG EDVLV
DQG RI FRXUVH� WKHUH LV QR VWDU� VXSSRUWHG EDVLV�
6RPH FRQMHFWXUHV ZHUH PDGH LQ >��@ RQ WKH UHODWLRQV DPRQJ DSSUR[LPD�

WLRQ RUGHU RI 6
�
��c�� WKDW 6

�
��c� FRQWDLQV HOHPHQWV ZLWK ORFDO VXSSRUW� DQG

WKDW 6
�
��c� FRQWDLQV D ORFDO SDUWLWLRQ RI XQLW\� +HUH� ORFDO SDUWLWLRQ RI XQLW\

PHDQV WKDW D EDVLV I%�J VDWLVpHV
3

� F�%�  � ZLWK %� QRQQHJDWLYH RU I%�J
LV D ORFDO VXSSRUWHG EDVLV�

'() ,1,7,21 ��� $ EDVLV I%�J
�
� 
 � RI 6

�
��c� LV VDLG WR EH ORFDOO\ OLQ�

HDUO\ LQGHSHQGHQW �//,� LI IRU HYHU\ � � c� WKH EDVLV VSOLQHV I%�J DUH OLQHDU
LQGHSHQGHQW RQ � �



6FDWWHUHG GDWD UHSUHVHQWDWLRQV ��

/RFDO OLQHDU LQGHSHQGHQFH ZDV pUVW VWXGLHG IRU WKH LQWHJHU VKLIW RI D ER[
VSOLQH �FI� >��@� >��@� DQG >��@�� 8VXDOO\� WKH VWDELOLW\ DQG ORFDO OLQHDU LQ�
GHSHQGHQFH FDQQRW KROG VLPXOWDQHRXVO\� $Q //, EDVLV IRU 6

�
��c� ZKHQ

N y �U�� ZHUH FRQVWUXFWHG UHFHQWO\ LQ >��@� 8VLQJ DQ //, EDVLV� D +HUPLWH
W\SH LQWHUSRODWLRQ VFKHPH ZDV SUHVHQWHG LQ >��@ IRU 6

�
��c� � N y �U��� WKDW

SRVVHVVHV RSWLPDO DSSUR[LPDWLRQ RUGHU LQ WKH VDPH VHQVH DV LQ >��@� 7KDW
LV� WKH DSSUR[LPDWLRQ FRQVWDQW GRHV QRW GHSHQG RQ WKH JHRPHWULF VWUXFWXUH
RI c� 7KH //, EDVLV FRQVWUXFWLRQ LV GLoHUHQW IURP WKH %�QHW DSSURDFK� 7KH
WHFKQLTXH DSSOLHG LQ >��@ DUH EDVHG RQ QRGDO IXQFWLRQDOV� D FRPPRQ PHWKRG
LQ pQLWH�HOHPHQW pHOG� DQG D VR�FDOOHG ?ZHDN LQWHUSRODWLRQ� LGHD LQWURGXFHG
LQ >��@� )RU FRPSDULVRQ� ZH DOVR PHQWLRQ WKDW DQ DOWHUQDWLYH SURRI IRU WKH
UHVXOW RI >��@ FDQ EH IRXQG LQ >��@�

��� 6SOLQHV RQ VSKHU H DQG QDWXU DO VSOLQHV

$ VSHFLDO EXW LPSRUWDQW DQG ZLGHO\ HQFRXQWHUHG SUREOHP DULVHV ZKHQ
WKH GDWD VLWHV OLH RQ D ��GLPHQVLRQDO VXUIDFH HPEHGGHG LQ ,5

�
� 7KH PRVW

LPSRUWDQW LQVWDQFH RI VXFK D VXUIDFH LV D VSKHUH� 7KH SUREOHPV RI pWWLQJ
GDWD RQ VSKHUH DULVH LQ PDQ\ DUHDV� LQFOXGLQJ IRU H[DPSOH� JHRSK\VLFV DQG
PHWHRURORJ\ ZKHUH WKH VSKHUH LV WDNHQ DV D PRGHO RI WKH HDUWK� ,W LV RI�
WHQ XQVDWLVIDFWRU\ WR SURMHFW WKH VXUIDFH LQWR WKH SODQH� ,QVWHDG� VSHFLDO
PHWKRGV KDYH WR EH GHVLJQHG� /DZVRQ >��@� 5HQND >��@� DQG 1LHOVRQ DQG
5DPDUDM >��@ LQGHSHQGHQWO\ SURSRVH VFKHPHV EDVHG RQ D WULDQJXODWLRQ RI
WKH VXUIDFH RI D VSKHUH�
9HU\ UHFHQWO\� WKH VSDFHV RI VSOLQHV GHpQHG RQ WULDQJXODWLRQV O\LQJ RQ WKH

VSKHUH RU RQ VSKHUH�OLNH VXUIDFHV KDYH EHHQ GLVFXVVHG LQ >�@ ^ >�@� 7KHVH
VSDFHV DURVH RXW RI D QHZ NLQG RI %HUQVWHLQ�%Hw]LHU WKHRU\ RQ VXFK VXUIDFHV�
$ FRQVWUXFWLYH WKHRU\ IRU VXFK VSOLQH VSDFHV DQDORJRXV WR WKH ZHOO�NQRZQ
WKHRU\ RI SRO\QRPLDO VSOLQHV RQ SODQDU WULDQJXODWLRQV KDV EHHQ GHYHORSHG�
)RUPXODH IRU WKH GLPHQVLRQ RI VXFK VSOLQH VSDFHV� DQG ORFDOO\ VXSSRUWHG
EDVHV IRU WKHP� DUH JLYHQ LQ >�@� 6RPH DSSOLFDWLRQV RI VXFK VSOLQH VSDFHV WR
pW VFDWWHUHG GDWD RQ VSKHUH�OLNH VXUIDFHV DUH GLVFXVVHG LQ >�@�
)RU PDQ\ \HDUV SHRSOH LQ WKH &RPSXWHU $LGHG *HRPHWULF 'HVLJQ �&$*'�

FRPPXQLW\ EHOLHYHG WKDW LW ZDV QRW OLNHO\ WR GHpQH EDU\FHQWULF FRRUGLQDWHV
RQ D VSKHULFDO WULDQJOH� +RZHYHU� LW ZDV UHFRJQL]HG LQ >�@ WKDW LQ IDFW WKHUH LV
D YHU\ QDWXUDO ZD\ WR GHpQH EDU\FHQWULF FRRUGLQDWHV ZLWK UHVSHFW WR VSKHU�
LFDO WULDQJOHV� ,W ZDV ODWHU GLVFRYHUHG WKDW WKH VDPH FRRUGLQDWHV KDG EHHQ
LQWURGXFHG DQG VWXGLHG E\ 0�RELXV PRUH WKDW ��� \HDUV DJR�
7KH VSKHULFDO VSOLQH VSDFH 6

�
��c� LV WKH DQDORJ RI WKH VSDFH RI VSOLQHV

GHpQHG RYHU D SODQDU WULDQJXODWLRQ� $V LQ WKH SODQDU FDVH� LW LV SRVVLEOH
WR LGHQWLI\ WKH GLPHQVLRQ RI 6

�
��c� DQG FRQVWUXFW ORFDOO\ VXSSRUWHG EDVHV



�� +RQJ

IRU WKHP IRU DOO YDOXHV RI N y �U � �� VHH >�@� $V VKRZQ LQ >�@� WKH EDVLF
LQWHUSRODWLRQ SUREOHP FDQ VROYHG DV IROORZLQJ�

7+(25 (0 ����

IRU JLYHQ UHDO YDOXHV II�J
�
� 
 � DW WKH VFDWWHUHG SRLQWV IY�J

�
� 
 � RQ WKH XQLW

VSKHUH 6� WKHUH LV D VSOLQH IXQFWLRQ V GHpQHG RQ 6 VXFK WKDW

V�Y��  I�� L  �� c c c � Q�

7KH VSKHULFDO WULDQJXODWLRQ c KDV YHUWLFHV DW WKH JLYHQ SRLQWV DQG WKH
LQWHUSRODQW LV ORFDO LQ WKH VHQVH WKDW WKH UHVWULFWLRQ RI V WR D WULDQJOH �

GHSHQGV RQO\ RQ WKH GDWD LQ WKDW WULDQJOH�
+HUH� ZH QHHG WR PHQWLRQ D VXUYH\ SDSHU >��@ RI DSSURDFKHV WR WKH LQWHU�

SRODWLRQ DQG DSSUR[LPDWLRQ GDWD RQ WKH VXUIDFH RI D VSKHUH� 7KH DXWKRUV
GLVFXVVHG PHWKRGV EDVHG RQ VSKHULFDO KDUPRQLFV� WHQVRU�SURGXFW VSDFHV RQ
D UHFWDQJXODU PDS RI WKH VSKHUH� IXQFWLRQV GHpQHG RYHU VSKHULFDO WULDQJX�
ODWLRQV� VSKHULFDO VSOLQHV� HWF�
$ JHQHUDOL]HG ELKDUPRQLF VSOLQH LQWHUSRODWLRQ VFKHPH IRU GDWD RYHU VSKHUH

ZDV JLYHQ LQ >��@�
%HIRUH ZH GLVFXVV VFDWWHUHG GDWD LQWHUSRODWLRQ XVLQJ ELYDULDWH QDWXUDO

VSOLQHV� OHW
V UHFDOO WKH GHpQLWLRQ RI WKH QDWXUDO VSOLQH LQ WKH XQLYDULDWH
VHWWLQJ DW pUVW� )RU SRLQWV D  [� � [� � c c c � [� � [� � �  E DQG LQWHJHU
P y �� ZH GHpQH

6��[�� c c c � [��  IV � &
���

>D� E@� VM ��� ������ � }�� L  �� �� c c c � QJ

WKH VSDFH RI SRO\QRPLDO VSOLQHV RI GHJUHH P ZLWK Q p[HG NQRWV [�� c c c � [��

'() ,1,7,21 ��� $ IXQFWLRQ V � 6�� � ��[�� c c c � [��� ZKHUH U y �� LV
FDOOHG D QDWXUDO VSOLQH RI GHJUHH �U � � ZLWK NQRWV [�� c c c � [�� LI

V

� �
�D�  V


��
�E�  �� M  U � �� c c c � �U�

&OHDUO\� D QDWXUDO VSOLQH V � 6�� � ��[�� c c c � [�� VDWLVpHV WKDW V LV D SRO\�
QRPLDO RI GHJUHH �U�� RYHU HDFK VXELQWHUYDO �[�� [� � �� IRU L  �� c c c � Qb ��
D SRO\QRPLDO RI GHJUHH U RYHU VXELQWHUYDOV >D� [�� DQG �[�� E@� DQG WKDW
V � &

��
>D� E@�

*LYHQ D IXQFWLRQ I � & >D� E@� WKH QDWXUDO VSOLQH LQWHUSRODWLRQ SUREOHP LV
WR GHWHUPLQH D QDWXUDO VSOLQH V � 6�� � ��[�� c c c � [��� U y �� VXFK WKDW

V�[��  I�[��� L  �� c c c � Q�

,W LV ZHOO�NQRZQ WKDW LI Q y U b �� WKHQ WKH QDWXUDO VSOLQH LQWHUSRODWLRQ
SUREOHP KDV D XQLTXH VROXWLRQ IURP 6�� � ��[�� c c c � [��� )XUWKHUPRUH� ZH
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KDYH WKH IROORZLQJ RSWLPDOLW\ SURSHUWLHV IRU WKH QDWXUDO LQWHUSRODWLQJ VSOLQH
IXQFWLRQ�

7+(25 (0 ����

/HW Q y U b �� I � &
� � �

>D� E@ DQG V � 6�� � ��[�� c c c � [�� EH WKH XQLTXH
VROXWLRQ RI WKH FRUUHVSRQGLQJ QDWXUDO VSOLQH LQWHUSRODWLRQ SUREOHP� 7KHQ
IRU DQ\ QDWXUDO VSOLQH HV � 6�� � ��[�� c c c � [��� ZH KDYH

�D�
NI


� � ��
b V


� � ��
N� x NI


� � ��
b HV
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N��

7KH HTXDOLW\ KROGV LI DQG RQO\ LI Vb HV � }��
�E� IRU DQ\ z � ,� � IX � &

� � �

>D� E@� X�[��  I�[��� L  �� c c c � QJ�

NV
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b HV
�
� ��

N� x Nz
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b HV
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N��

/HW 4  >D� E@ DQG
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�4�  IX�[��
G
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X

G[
� � � � /

�
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G
�
X

G[� � $&�4�� o  �� c c c � UJ�

ZKHUH $&�4� LV WKH VSDFH RI DEVROXWHO\ FRQWLQXRXV IXQFWLRQV RYHU 4� )URP
WKH SURSHUW\ �E� LQ 7KHRUHP ��� LI ZH FKRRVH HV  �� ZH REWDLQ

NV

� � ��

N� x Nz

� � ��

N�

IRU DQ\ z � ,�� 7KHUHIRUH� D QDWXUDO SRO\QRPLDO VSOLQH LV WKH VROXWLRQ RI WKH
IROORZLQJ SUREOHP� JLYHQ D IXQFWLRQ I � &>D� E@� pQG D IXQFWLRQ V�[� � ;

VDWLVI\LQJ WKH LQWHUSRODWLRQ FRQGLWLRQV�

V�[��  I�[��� L  �� c c c � Q

DQG = �

�
�V


� � ��
�[��

�
G[  PLQ� � ��

= �

�
�X


� � ��
�[��

�
G[�

/HW < � /
�
�4� DQG W � ; �� < D OLQHDU RSHUDWRU GHpQHG E\

W�X�  X

� � ��

�[�  
G
� � �

X�[�

G[
� � � �

/HW = � ,5
�
EH WKH 1 GLPHQVLRQDO (XFOLGHDQ VSDFH DQG $ � ; �� = DQ

LQWHUSRODWLRQ RSHUDWRU GHpQHG E\

$X  �X�[��� c c c � X�[����

/DXUHQW >��@ FRQVLGHUHG WKH IROORZLQJ VSOLQH LQWHUSRODWLRQ SUREOHP LQ WKH
+LOEHUW VSDFH +

� � �

�4�� IRU D JLYHQ 1 VFDWWHUHG GDWD YDOXHV I�[�� I�[���� L  
�� c c c � 1J� pQG D IXQFWLRQ V�[� � ; VXFK WKDW

NW�V�N
�
�  PLQ� � �� NW�X�N

�
��
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ZKHUH \  �I�[��� c c c � I�[��� DQG ,�  IX � ;� $X  \J� 7KH VROXWLRQ WR
WKLV SUREOHP LV DOVR FDOOHG D QDWXUDO VSOLQH�
7KLV QDWXUDO VSOLQH LQWHUSRODWLRQ SUREOHP LQ +LOEHUW VSDFH FDQ EH H[�

WHQGHG WR WKH KLJKHU GLPHQVLRQDO VHWWLQJV� )RU 5  >D� E@ d >F� G@� OHW
; � +

���
�5� GHQRWH WKH VSDFH

IX�[� \��
#
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X

#[
�
#\�

� /
�
�5��

#
� � �

X

#[�#\�
� $&�5�� o  �� c c c � Ub�� p  �� c c c � Vb�J�

ZKHUH $&�5� LV WKH VSDFH RI DEVROXWHO\ FRQWLQXRXV IXQFWLRQV RYHU 5� /HW

<  /
�
�5�d

���<
� 
 �

/
�
>D� E@d

���<
� 
 �

/
�
>F� G@

DQG 7 � ; �� < EH D OLQHDU RSHUDWRU GHpQHG E\

7  W� d

���<
� 
 �

W

��
� d

���<
� 
 �

W

��
� �

ZKHUH

W��X�  X

����
�[� \�  

#
� � �

X�[� \�

#[
�
#\�

�

W

��
� �X�  X


����
�[� F�  

#
� � �

X�[� \�

#[�#\
� M� 
 �� {  �� ���� Vb ��

W

��
� �X�  X


����
�D� \�  

#
�� �

X�[� \�

#[
�
#\� M�
 �� z  �� ���� U b ��

/HW =  ,5
�
DQG $ � ; �� = EH DQ LQWHUSRODWLRQ RSHUDWRU GHpQHG E\

$X  �X�[�� \��� ���� X�[�� \����

/L DQG *XDQ >��@ VWXGLHG VXFK D QDWXUDO SRO\QRPLDO VSOLQHV LQWHUSROD�
WLRQ SUREOHP� JLYHQ 1 VFDWWHUHG GDWD SRLQWV DQG YDOXHV I�[�� \�� ]��� L  
�� c c c � 1J� pQG D IXQFWLRQ ��[� \� � ; VDWLVI\LQJ
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7KH VROXWLRQ RI WKLV ELYDULDWH SRO\QRPLDO QDWXUDO VSOLQH LQWHUSRODWLRQ SURE�
OHP LQ +LOEHUW VSDFHV+

���
�5� LV FDOOHG D ELYDULDWH SRO\QRPLDO QDWXUDO VSOLQH�

7KH IROORZLQJ UHVXOWV DUH REWDLQHG E\ /L DQG *XDQ LQ >��@ �VHH DOVR >��@�
WR VWXG\ WKH QXOO VSDFH RI WKH RSHUDWRU 7 DQG WR JLYH D FORVHG IRUP RI WKH
ELYDULDWH QDWXUDO VSOLQH IXQFWLRQ�

7+(25 (0 ����

7KH QXOO VXEVSDFH RI WKH RSHUDWRU 7 LV

1�7 �  3 KU� VL  IX�X�[� \�  

���;

� 
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���;

� 
 �
F��[

�
\
�
� F�� � ,5J�

7+(25 (0 ����

%LYDULDWH QDWXUDO SRO\QRPLDO VSOLQH ��[� \� KDV WKH IROORZLQJ H[SOLFLW DQG
FORVHG�IRUP H[SUHVVLRQ�

��[� \�  

�;
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y�J��[� \� �

���;
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���;
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 �
F��[

�
\
�

ZKHUH J��[� \�  *�[�� \��[� \�� L  �� c c c � 1 DUH ��U b �� �V b �� QDWXUDO
VSOLQH EDVLV IXQFWLRQV DQG
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7KH\ DOVR H[WHQGHG WKH UHVXOWV WR JHQHUDO N�GLPHQVLRQ VHWWLQJ >��@� *XDQ
>��@ FRQVLGHUHG ELYDULDWH QDWXUDO SRO\QRPLDO VSOLQHV IRU VPRRWKLQJ RU JHQ�
HUDOL]HG LQWHUSRODWLQJ RI VFDWWHUHG GDWD� ,Q >��@� D ORFDOO\ VXSSRUWHG EDVLV
RI ELYDULDWH QDWXUDO SRO\QRPLDO VSOLQHV ZHUH FRQVWUXFWHG� 5HFHQWO\� *XDQ
DQG +RQJ LQ >��@ FRQVWUXFWHG D ORFDOO\ VXSSRUWHG EDVLV RI ELYDULDWH QDWXUDO
SRO\QRPLDO VSOLQHV IRU VFDWWHUHG GDWD RQ VRPH OLQHV �RU IRU UHpQHPHQW JULG
SRLQWV� WR DGGUHVV D SUREOHP PHQWLRQHG LQ >��@� )RU VFDWWHUHG GDWD LQ D
WULDQJOH� WKHUH ZHUH VRPH VLPLODU GLVFXVVLRQV LQ >��@ FRPSDULQJ ZLWK WKH
VSOLQH LQWHUSRODWLRQV RYHU WULDQJXODWLRQV �

$FNQRZOHGJPHQW� 7KLV UHVHDUFK ZDV VXSSRUWHG LQ SDUW E\ D 5HVHDUFK
'HYHORSPHQW *UDQW ��������P IURP (DVW 7HQQHVVHH 6WDWH 8QLYHUVLW\� 7KLV
SDSHU KDV EHQHpWWHG IURP D WKRXJKWIXO UHDGLQJ E\ -DQLFH +XDQJ DQG KHOSIXO
FRPPHQWV E\ /�XWDL *XDQ�
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5HIHU HQFHV

>�@ 3� $OIHOG� 6FDWWHUHG GDWD LQWHUSRODWLRQ LQ WKUHH RU PRUH YDULDEOHV� ,Q�
?0DWKHPDWLFDO 0HWKRGV LQ &RPSXWHU $LGHG *HRPHWULF 'HVLJQ�� 7�
/\FKH DQG /�/� 6FKXPDNHU �(GV��� SS� �^��� $FDGHPLF 3UHVV� %RVWRQ�
�����

>�@ 3� $OIHOG� 0� 1HDPWX� DQG /� /� 6FKXPDNHU� &LUFXODU %HUQVWHLQ�
%
H]LHU SRO\QRPLDOV� LQ ?0DWKHPDWLFDO 0HWKRGV IRU &XUYHV DQG 6XU�

IDFHV�� 0� ~KOHQ� 7� /\FKH� DQG /�/� 6FKXPDNHU �(GV��� SS�������
9DQGHUELOW 8QLYHUVLW\ 3UHVV� �����

>�@ 3� $OIHOG� 0� 1HDPWX� DQG /� /� 6FKXPDNHU� 'LPHQVLRQ DQG ORFDO
EDVHV RI KRPRJHQHRXV VSOLQH VSDFHV� 6,$0 -� 0DWK� $QDO� �� �������
����������

>�@ 3� $OIHOG� 0� 1HDPWX� DQG /� /� 6FKXPDNHU� %HUQVWHLQ�%
H]LHU SRO\QR�
PLDOV RQ VSKHUHV DQG VSKHUH�OLNH VXUIDFHV� &RPSW� $LGHG *HRP� 'HVLJQ
�� ������� ��������

>�@ 3� $OIHOG� 0� 1HDPWX� DQG /� /� 6FKXPDNHU� )LWWLQJ VFDWWHUHG GDWD
RQ VSKHUH�OLNH VXUIDFHV XVLQJ VSKHULFDO VSOLQHV� -� &RPS� $SSO� 0DWK�
�� ������ �����

>�@ 3� $OIHOG DQG /� /� 6FKXPDNHU� 1RQ�H[LVWHQFH RI VWDU�VXSSRUWHG VSOLQH
EDVHV� PDQXVFULSW� �����

>�@ 5�(� %DUQKLOO� 5HSUHVHQWDWLRQ DQG DSSUR[LPDWLRQ RI VXUIDFHV� ,Q�
0DWKHPDWLFDO 6RIWZDUH ,,,� -�5� 5LFH HG�� SS� ��^���� $FDGHPLF 3UHVV�
1HZ <RUN� �����

>�@ :� %�RKP� *� )DULQ� DQG -� .HKPDQQ� $ VXUYH\ RI FXUYH DQG VXUIDFH
PHWKRGV LQ &$*'� &RPSXW� $LGHG *HRP� 'HVLJQ � ������� �^���

>�@ -�+� %UDPEOH DQG 0� =ODPDO� 7ULDQJXODU HOHPHQWV LQ WKH pQLWH HOHPHQW
PHWKRG� 0DWK� &RPS� �� ������� ���^����

>��@ &� GH %RRU� %�IRUP %DVLV� LQ� ?*HRPHWULF 0RGHOLQJ�� �*� )DULQ� (G���
SS� ��^��� 6,$0� 3KLODGHOSKLD� �����

>��@ &� GH %RRU� 4XDVL�LQWHUSRODQWV DQG DSSUR[LPDWLRQ SRZHU RI PXOWL�
YDULDWH VSOLQHV� LQ� ?&RPSXWDWLRQV RI &XUYHV DQG 6XUIDFHV�� �'DK�
PHQ� *DVFD� DQG 0LFFKHOOL� (GV��� SS� ���^���� .OXZHU �'RUGUHFKW�
1RWKHODQG�� �����
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>��@ &� GH %RRU DQG .� +�ROOLJ� $SSUR[LPDWLRQ RUGHU IURP ELYDULDWH &
�

�
FXELFV� $ FRXQWHUH[DPSOH� 3URF� $PHU� 0DWK� 6RF� �� ������� ���^
����

>��@ &� GH %RRU DQG .� +�ROOLJ� %LYDULDWH ER[ VSOLQHV DQG VPRRWK SS IXQF�
WLRQV RQ D WKUHH GLUHFWLRQ PHVK� -� &RPSXW� $SSO� 0DWK� � �������
��^���

>��@ &� GH %RRU DQG .� +�ROOLJ� $SSUR[LPDWLRQ SRZHU RI VPRRWK ELYDULDWH
SS IXQFWLRQV� 0DWK� =� ��� ������� ���^����

>��@ &� GH %RRU DQG 5� 4� -LD� $ VKDUS XSSHU ERXQG RQ WKH DSSUR[LPDWLRQ
RUGHU RI VPRRWK ELYDULDWH SS IXQFWLRQV� -� $SSUR[� 7KHRU\ �� �������
��^���

>��@ &� .� &KXL� ?0XOWLYDULDWH 6SOLQHV�� &%06 6HULHV LQ $SSOLHG 0DWKH�
PDWLFV� QR� ��� 6,$0� 3KLODGHOSKLD� �����

>��@ &�.� &KXL DQG /�7� *XDQ� 0XOWLYDULDWH SRO\QRPLDO QDWXUDO VSOLQHV IRU
LQWHUSRODWLRQ RI VFDWWHUHG GDWD DQG RWKHU DSSOLFDWLRQV� ,Q� ?: RUNVKRS

RQ &RPSXWDWLRQDO *HRPHWU\�� $� &RQWH HW DO HGV�� SS� ��^��� :RUOG
6FLHQWLpF 3XE� &R�� 6LQJDSRUH� �����

>��@ &�.� &KXL DQG 7�;� +H� 6KDSH�SUHVHUYLQJ LQWHUSRODWLRQ E\ ELYDULDWH
&

�

TXDGUDWLF VSOLQHV� ,Q� ?: RUNVKRS RQ &RPSXWDWLRQDO *HRPHWU\��
$� &RQWH� 9� 'HPLFKHOLV� )� )RQWDQHOOD� DQG ,� *DOOLJDQL �(GV��� SS�
��^��� :RUOG 6FLHQWLpF 3XE� &R�� 6LQJDSRUH� �����

>��@ &� .� &KXL DQG '� +RQJ� &RQVWUXFWLRQ RI ORFDO &
�

TXDUWLF VSOLQH
HOHPHQWV IRU RSWLPDO�RUGHU DSSUR[LPDWLRQ� 0DWK� &RPS� �� �������
������ 05 ��G�������

>��@ &�.� &KXL DQG '� +RQJ� 6ZDSSLQJ HGJHV RI DUELWUDU\ WULDQJXODWLRQV
WR DFKLHYH WKH RSWLPDO RUGHU RI DSSUR[LPDWLRQ� 6,$0 -� 1XPHU� $QDO�
�� ������� ����^����� 05 ��K�������

>��@ &�.� &KXL� '� +RQJ� DQG 5�4� -LD� 6WDELOLW\ RI RSWLPDO�RUGHU DS�
SUR[LPDWLRQ E\ VSOLQHV RYHU DUELWUDU\ WULDQJXODWLRQV� 7UDQV� RI $PHU�
0DWK� 6RF� ��� ������� ���������� 05 ��G�������

>��@ &� .� &KXL DQG 0� -� /DL� 2Q ELYDULDWH VXSHU YHUWH[ VSOLQHV� &RQVWU�
$SSUR[� � ������� ���^����

>��@ -�)� &LDYDOGLQL DQG -�&� 1HGHOHF� 6XU O
wHO
HPHQW GH )UDHLMV GH 9HXEHNH
HW 6DQGHU� 5HY� )UDQFDLVH $XWRPDW� ,QIRPDW� 5HFK� 2SHU�� $QDO� 1X�
PHU� 5� ������� ��^���

>��@ 5� &ORXJK DQG -� 7RFKHU� )LQLWH HOHPHQW VWLoQHVV PDWULFHV IRU DQDO\VLV
RI SODWHV LQ EHQGLQJ� ,Q 3URF� RI &RQIHUHQFH RQ 0DWUL[ 0HWKRGV LQ

6WUXFWXUDO $QDO\VLV� :ULJKW�3DWWHUVRQ $LU )RUFH %DVHV� �����



�� +RQJ

>��@ :� 'DKPHQ DQG &�$� 0LFFKHOOL� 5HFHQW SURJUHVV LQ PXOWLYDULDWH
VSOLQHV� LQ ?$SSUR[LPDWLRQ 7KHRU\ ,9�� �&�.� &KXL� /�/� 6FKXPDNHU�
DQG -�'� :DUG� (GV��� SS� ��^���� $FDGHPLF 3UHVV� 1HZ <RUN� �����

>��@ :� 'DKPHQ DQG &�$� 0LFFKHOOL� 2Q WKH RSWLPDO DSSUR[LPDWLRQ UDWHV
IURP FULVV�FURVV pQLWH HOHPHQW VSDFHV� -� &RPS� $SSO� 0DWK� ��

������� ���^����

>��@ :� 'DKPHQ DQG &�$� 0LFFKHOOL� 2Q WKH ORFDO OLQHDU LQGHSHQGHQFH RI
WUDQVODWHV RI D ER[ VSOLQH� 6WXGLD 0DWK� �� ������� ���^����

>��@ 2� 'DY\GRY� *� 1�XUQEHUJHU� DQG )� =HLIHOGHU� %LYDULDWH VSOLQH LQWHU�
SRODWLRQ ZLWK RSWLPDO RUGHU� PDQXVFULSW� �����

>��@ 2� 'DY\GRY DQG /�/� 6FKXPDNHU� /RFDOO\ OLQHDUO\ LQGHSHQGHQW EDVHV
IRU ELYDULDWH SRO\QRPLDO VSOLQH VSDFHV� PDQXVFULSW� �����

>��@ %� '\HU DQG '� +RQJ� $Q DOJRULWKP IRU RSWLPDO WULDQJXODWLRQV
RQ &

�

TXDUWLF VSOLQH DSSUR[LPDWLRQ DQG 0DW/DE LPSOHPHQWDWLRQ�
PDQXVFULSW� �����

>��@ *UHJ )DVVKDXHU DQG /�/� 6FKXPDNHU� 6FDWWHUHG 'DWD )LWWLQJ RQ WKH
6SKHUH� ,Q� 0DWKHPDWLFDO 0HWKRGV IRU &XUYHV DQG 6XUIDFHV ,,� �0�
'DHKOHQ� 7� /\FKH� DQG /� /� 6FKXPDNHU HGV��� ���^���� 9DQGHUELOW
8QLY� 3UHVV� �����

>��@ 5� )UDQNH� 6FDWWHUHG GDWD LQWHUSRODWLRQ� 7HVWV RI VRPH PHWKRGV�
0DWK� &RPS� O�� ������� ���^����

>��@ %� )UDHLMV GH 9HXEHNH� $ FRQIRUPLQJ pQLWH HOHPHQW IRU SODWH EHQGLQJ�
-� 6ROLGV 6WUXFWXUHV � ������� ��^����

>��@ /�7� *XDQ� *HQHUDOL]HG ELKDUPRQLF VSOLQH LQWHUSRODWLRQV LQ D FLUFXODU
GRPDLQ� -� (QJLQ� 0DWK� �&KLQHVH�� �������� ��^���

>��@ /�7� *XDQ� 0XOWLYDULDWH VSOLQH LQWHUSRODWLRQ WR VFDWWHUHG GDWD ZLWK
FRQWLQXRXV ERXQGDU\ FRQGLWLRQV LQ D WULDQJOH� -� RI 1XPHU� 0DWK� 	
$SSO� �&KLQHVH�� ���� ������� ��^���

>��@ /�7� *XDQ � %LYDULDWH SRO\QRPLDO QDWXUDO VSOLQHV IRU VPRRWKLQJ RU
JHQHUDOL]HG LQWHUSRODWLQJ RI VFDWWHUHG GDWD� -� RI 1XPHU� 0DWK� 	
$SSO��&KLQHVH�� ���� ������� �^���

>��@ /�7� *XDQ� %LYDULDWH SRO\QRPLDO QDWXUDO VSOLQH LQWHUSRODWLRQ DOJR�
ULWKPV ZLWK ORFDO EDVLV IRU VFDWWHUHG GDWD� 6SHFLDO LVVXH RQ :DYHOHWV
DQG $SSUR[LPDWLRQ 7KHRU\� '� +RQJ DQG 0� 3URSKHW �HGV��� $06
FRQIHUHQFH� $XVWLQ� 2FWREHU ����� -� &RPS� $QDO� DQG $SSO�� VXEPLW�
WHG�

>��@ /�7� *XDQ DQG '� +RQJ� 2Q ELYDULDWH QDWXUDO VSOLQH LQWHUSRODWLRQ IRU
VFDWWHUHG GDWD RYHU UHpQHG JULG SRLQWV� PDQXVFULSW� �����



6FDWWHUHG GDWD UHSUHVHQWDWLRQV ��

>��@ '� +RQJ� ?2Q ELYDULDWH VSOLQH VSDFHV RYHU DUELWUDU\ WULDQJXODWLRQV��
0DVWHU
V 7KHVLV� =KHMLDQJ 8QLYHUVLW\� +DQJ]KRX� =KHMLDQJ� &KLQD�
�����

>��@ '� +RQJ� ?&RQVWUXFWLRQ RI VWDEOH ORFDO VSOLQH EDVHV RYHU DUELWUDU\
WULDQJXODWLRQV IRU RSWLPDO RUGHU DSSUR[LPDWLRQ�� 3K�'� 'LVVHUWDWLRQ�
7H[DV $	0 8QLYHUVLW\� &ROOHJH 6WDWLRQ� 7;� �����

>��@ '� +RQJ� 6SDFHV RI ELYDULDWH VSOLQH IXQFWLRQV RYHU WULDQJXODWLRQV� $S�
SUR[� 7KHRU\ DQG $SSO� � ������� ��^��� 05 ��I�������

>��@ '� +RQJ� 5HFHQW SURJUHVV RQ PXOWLYDULDWH VSOLQHV� ,Q� ?$SSUR[LPDWLRQ

7KHRU\� ,Q 0HPRU\ RI $�.� 9DUPD� �1�.� *RYLO HWF� (G��� SS�����
���� 0DUFHO 'HNNHU� ,QF�� 1HZ <RUN� 1<� ����� �05 ��F� �������

>��@ '� +RQJ DQG 5� 1� 0RKDSDWUD� 2SWLPDO�RUGHU DSSUR[LPDWLRQ E\
PL[HG WKUHH�GLUHFWLRQDO VSOLQH HOHPHQWV� &RPSXWHUV DQG 0DWKHPDW�
LFV ZLWK $SSOLFDWLRQV [[ ������� [[�[[�

>��@ 5� 4� -LD� %�QHW 5HSUHVHQWDWLRQ RI 0XOWLYDULDWH 6SOLQHV� .H ;XH 7RQJ
%DR �$ 0RQWKO\ -RXUQDO RI 6FLHQFH� �� ������� ���^����

>��@ 5� 4� -LD� /RFDO OLQHDU LQGHSHQGHQFH RI WKH WUDQVODWHV RI D ER[ VSOLQH�
&RQVWU� $SSUR[� � ������� ���^����

VSOLQHV� 6FLHQWLD 6LQLFD �� ������� ���^����

>��@ 5�4� -LD� /HFWXUH 1RWHV RQ 0XOWLYDULDWH 6SOLQHV� 'HSDUWPHQW RI 0DWK�
HPDWLFV� 8QLYHUVLW\ RI $OEHUWD� (GPRQWRQ� &DQDGD� �����

>��@ 0� /DJKFKLP�/DKORX DQG 3� 6DEORQQLHUH� 4XDGULODWHUDO pQLWH HOHPHQWV
RI )96 W\SH DQG FODVV &

�
� 1XPHU� 0DWK� �� ������� ���^����

>��@ 0�-� /DL� $SSUR[LPDWLRQ RUGHU IURP ELYDULDWH &
�

�FXELF RQ D IRXU�
GLUHFWLRQDO PHVK LV IXOO� &RPSXW� $LGHG *HRPHWULF 'HVLJQ �� �������
��������

>��@ 0�-� /DL� 6FDWWHUHG GDWD LQWHUSRODWLRQ DQG DSSUR[LPDWLRQ E\ XVLQJ EL�
YDULDWH &

�

SLHFHZLVH FXELF SRO\QRPLDOV� &RPSXW� $LGHG *HRP� 'HVLJQ
�� ������� ��^���

>��@ 0�-� /DL DQG /�/� 6FKXPDNHU� 6FDWWHUHG GDWD LQWHUSRODWLRQ XVLQJ &
�

VXSHUVSOLQHV RI GHJUHH VL[� 6,$0 1XPHU� $QDO� �� ������� ��������

>��@ 0�-� /DL DQG /�/� 6FKXPDNHU� 2Q WKH DSSUR[LPDWLRQ SRZHU RI ELYDUL�
DWH VSOLQHV� $GYDQFHV LQ &RPS� 0DWK� �������� ���^����

>��@ 0�-� /DL DQG /�/� 6FKXPDNHU� 2Q WKH DSSUR[LPDWLRQ SRZHU RI VSOLQHV
RQ WULDQJXODWHG TXDGUDQJXODWLRQV� 6,$0 -� 1XPHU� $QDO� �� �������
���^����

>��@ 3�-� /DXUHQW� $SSUR[LPDWLRQ HW 2SWLPL]DWLRQ� +HUPDQQ� 3DULV� �����



�� +RQJ

>��@ &�/� /DZVRQ� &
�

VXUIDFH LQWHUSRODWLRQ IRU VFDWWHUHG GDWD RQ WKH VXU�
IDFH RI D VSKHUH� 5RFN\ 0RXQWDLQ -� 0DWK� �� ������� ���^����

>��@ <�6� /L DQG /�7� *XDQ� %LYDULDWH SRO\QRPLDO QDWXUDO VSOLQH LQWHUSR�
ODWLRQ WR VFDWWHUHG GDWD� -� &RPS� 0DWK� �&KLQHVH�� �������� ��������

>��@ *�0� 1LHOVRQ DQG 5� 5DPDUDM� ,QWHUSRODWLRQ RYHU D VSKHUH EDVHG XSRQ
D PLQLPXP QRUP QHWZRUN� &RPSXW� $LGHG *HRP� 'HVLJQ � �������
��^���

>��@ *� 1�XUQEHUJHU� $SSUR[LPDWLRQ RUGHU RI ELYDULDWH VSOLQH LQWHUSRODWLRQ�
-� $SSUR[� 7KHRU\ �� ������� ���^����

>��@ 0�-�'� 3RZHOO DQG 0�$� 6DELQ� 3LHFHZLVH TXDGUDWLF DSSUR[LPDWLRQV
RQ WULDQJOHV� $&0 7UDQV� 0DWK� 6RIWZDUH � ������� ���^����

>��@ 5�/� 5HQND� ,QWHUSRODWLRQ RI GDWD RQ WKH VXUIDFH RI D VSKHUH� $0&
7UDQV� 0DWK� 6RIWZDUH �� ������� ���^����

>��@ *� 6DQGHU� %RUQHV VXSHULHXUHV HW LQIHULHXUHV GDQV O
DQDO\VH PDWULFLHOOH
GHV SODTXHV HQ qH[LRQ�WRUVLRQ� %XOO� 6RF� 5R\DOH 6FLHQFHV /LHJH ��

������� ���^����

>��@ /� /� 6FKXPDNHU� )LWWLQJ VXUIDFHV WR VFDWWHUHG GDWD� ,Q� $SSUR[LPD�

WLRQ 7KHRU\ ,,� �*�*� /RUHQW]� &�.� &KXL� DQG /�/� 6FKXPDNHU HGV���
SS� ���^���� $FDGHPLF 3UHVV� 1HZ <RUN� �����

>��@ /�/� 6FKXPDNHU� 5HFHQW SURJUHVV RQ PXOWLYDULDWH VSOLQHV� LQ ?0DWK�
HPDWLFV RI )LQLWH (OHPHQWV 9,,�� �-� :KLWHPDQ� (G��� SS� ���^����
$FDGHPLF 3UHVV� /RQGRQ� �����

>��@ /�/� 6FKXPDNHU� &RPSXWLQJ RSWLPDO WULDQJXODWLRQV XVLQJ VLPXODWHG
DQQHDOLQJ� &RPSXWHU $LGHG *HRPHWULF 'HVLJQ �� ������� ���^����

>��@ /�/� 6FKXPDNHU� $ODLQ /H 0vHKDXWHwH� DQG /HRQDUGR 7UDYHUVRQL� 0XO�
WLYDULDWH VFDWWHUHG GDWD pWWLQJ� -� &RPS� $SSO� 0DWK� �� ������� �^��

>��@ =� 6KD� 2Q LQWHUSRODWLRQ E\ 6
�

��c

��
���� -� $SSUR[� 7K� $SSO� ���

������� �^���

>��@ =� 6KD� 2Q LQWHUSRODWLRQ E\ 6
�
��c


��
���� -� $SSUR[� 7K� $SSO� ���

������� ��^���

>��@ 0�'� <H� ,QWHUSRODWLRQV IURP 6
�

��c

��
���� -� &RPSXW� 0DWK� �&KLQHVH��

� ������� ���^����

>��@ $� x=HQLxVHN� ,QWHUSRODWLRQ SRO\QRPLDOV RQ WKH WULDQJOH� 1XPHU� 0DWK�
�� ������� ��������
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